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Problem 1

Find all eigenvalues and eigenfunctions of the following boundary value problem:

y'+xy=0, y(0)=9y(2)=0

Case A > 0
”+A=0
r=0+v\
y = ¢1 cos(VAz) + ¢y sin(VAz)
y(0) =0=¢

y' = VAey cos(VAx)
¥ (2) = 0 = VAey cos(2V )
= cos(2V/A)
2¢X:@n—mg

- (n(2é4—-1))2

. (7m(2n—1)x
Yp = Cosin (T)
Case A =0
r? =0
r=20
Y = cleo + CQer
=1+ xC
y(0)=0=¢
Yy =c
y'(2) =0=c
y=20



Case A < 0
r?—=A=0
r=+V\
Yy = 16V 4y VAT
y(0) =0=1c; + ¢
' = VeV — Ve V™
y'(2) = 0 = VA e 4+ Vg e VA
2V 4 g2V

01:C2:O

Problem 2
Show that y = ¢V + cpe™V= can be rewritten as y = d; cosh(v/—Az) + dy sinh(v/—Az) by choosing
the values of constants d; and dy appropriately. Assume c¢; and ¢y are constants and that A\ < 0.

vV=Xz + CQe—\/jA:p

y = ce
di + dsy dy — do
L t: = e
(& C1 9 Co 9

dy +do, dy —da _ 5.
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— dy cosh(v/—Az) + dy sinh(v/—Az)

Problem 3

Find all eigenvalues and eigenfunctions of the following boundary value problem:

y'+Ay=0 y0)=y(1) () =y(1)



Case A > 0
”?+A=0
r=0+V\
y = ¢1 cos(VAz) + ¢y sin(vVAz)
¢y cos(0) + ¢ sin(0) = ¢1 cos(VA) + casin(vV/A)
¢1 = ¢1 cos(VA) + cpsin(v/\)
¢1 — 1 cos(VA) = ¢y sin(VA)
y' = —V ey sin(VAz) + Ve sin(VA)
—V ey cos(0) + VAey sin(0) = —VAey cos(VA) + VAcp sin(vV/A)
—Ver = —VAer cos(VA) + VAep sin(VA)
—¢; = —c1 cos(VA) + ¢osin(VA)
1 = ¢1 cos(VA) — ¢y sin(VA)
¢1 — ¢ cos(VA) = —csin(V/\)
¢y sin(VA) = —¢ysin(VA)
co =10
¢1 = ¢; cos(VA)
1 = cos(V/A)
A\ = (2n7)?

Yn = €1 cOs(2nmx) + o sin(2nmw)

Case A =0
r? =0
r=20
y:cleo+62xe0
=] + Cox
c1+0=c +c
co =0
Y = c
y =0



Case A <0
r?—A=0
r:ﬂ:\/X

Yy = cleﬁ’” + cze’ﬁx

cle0 + 02e0 = cleﬁ + CQQ_\/X

C1+Ccy = cle\A + cge_‘A
c1 = cleﬁ + CQe_ﬁ — Cy

y’ = \/Xcle\f’\m - \/XCQG_\/Xm

Vaere? — Vaese® = VeV — vVege Y
VA VA

CL— Cy =ce’” —coe

c1 = (:1e‘A — cge*ﬁ + Co

cle‘f)‘ + CQQ_ﬁ VA _ CQe_\F’\ + ¢y

— C9 = C1€

eV 1=—eV 41

2~ Vr =9
e’ﬁzl
A=0

Problem 4

Please complete Exercise 8.2.5 in the textbook. Begin your answer with the solution we that we derived
in class:

=3

)2t

u(z,t) = Z Cn sin(?)e_ﬂ(

n=1



Solve the BVP

U = Uz O0< <2 t>0
uz(0,8) =u(2,t) =0 t>0

1 0 1
w(z,0) = 0<x<
2—z 1<x<?2
= . N
= Cn sm(T)
n=1
o L
Cp = —/ f(x) sm(w) dz
L Jo
Vo onma 2 nwx
_ / sin("™%) dg +/ 2 — 2)sin("") da
0 2 1 2
Y onma 2 nma 2 nma
:/ sin(——) dx+/ 2sin(——) dx—/ xsin(——) dz
0 2 1 2 1 2
-2 nrx | -2 nrx | 4cos(nr) —4 nrx. ]’
— | 22 cos( 2 2| —= cos(——)| — i
[mr cos( 2 )}0 N {mr cos( 2 )} ) nmw N {n%r? sin( 2 )} .
2 nm 4 nm nmw
- 2 (1= - = Al = 2 ogin(—=
mr( cos( 5 ) + mr(cos( 5 ) — cos(nm)) — cos(nm) + e sin( 5 )
2 nm 4 nm . nm
= E(l — cos(7)) + E(COS(T) — cos(nm) — cos(nm) + sin(—))
2 nm 4 nm nm
= 21— cos("E)) 4 Z(cos(BEy — 9 in(2X
mT( cos( 5 ) + nW(COS( 5 ) — 2 cos(nm) + sin( 5 )
> 2 4: nmw\2
u(x,t) = ;(E(l - cos(%» + E(cos(%) — 2 cos(nm) + m%))) sm<$)e*ﬁ )
Problem 5

Starting with separation of variables, find a formal solution to

w=a*u, 0<z<L t>0
ou ou
—(0.t) = —(L,t) = t>
20,0 = 9Lty =0 120
u(z,0) = f(z) 0<zx<L

u(z,t) = X(x)T'(t)

XT' = a*X"'T
X/I T/
_— = = —)\
X a?T



X" 4+AX =0

A>0
2+ A=0
r=04 v\

u = ¢, cos(VAz) + ¢ sin(VAzx)
Uy = —VAcr sin(VAz) + VAey cos(VAz)
1, (0,1) = 0 = 0+ v/ Aez cos(0)

Co =0
Up(L,t) = =V Aey sin(VAL) = 0
VAL = nr
nm\ 2
()
L
T (@)
U, 7 1 sin 7
. nmx
—CSIH(T)
A=0
=0 r=0
u = 6160 + CQer
Uy = Co =0
A>0
2 —A=0

r:j:\/x

u = Cleﬁx + C2e—ﬁx

Uy = VeV — Vepe VAT
uz(0,1) = 0 = VAer — Ve,

C1 = Co
u (L, t) =0 = VM — gV
A=0
T +a’XT =0
dr anm o
S (e
dt ( L )
dT anm
== [
anm
In|T| = —(T)Qt
T _ e_(ariﬂ)Qt
up(z,t) = ¢y Sin(?)exp (—((mT?T)Qt)



u(z,t) =

NE

Cn sin(?)exp (—(?)275)

1

/OL £(2) sin($) dx

Cp =

SIESE:

Problem 6

Starting with the formal solution you found to the previous problem, complete Exercise 8.2.1 in the
textbook.

Both faces of a bar of length L are insulated. The lateral surface of the bar is also insulated. The
initial temperature in the bar is cos(3%2). Find the lateral temperature at any point  and time ¢ for the

L
bar. The BVP is

up(2,t) = a®upe(r,t) 0<ax <L t>0
uz(0,t) = u,(L,t) =0 t>0

u(z,0) = cos(?me) O<z<L

Cp = %/OL cos(g%%) sm(?) dz
= %/OL % {8111(37%13 n—zx) — sm(?WT'r — ?)} dz
= % (/OL sin(w) dr — /OL sin(@) dx)
_ % <ﬁ(1 — cos((3 4+ n)m)) — ﬁu ~ cos((3 — n)ﬂ')))
w(w, ) = % 3 (ﬁ (1 cos((3 + n)m)) — ﬁ (1 cos((3 n)w))) sin("T 0 )eap (—(UT 1)

If you have any questions, comments, or concerns, please contact me at alvin@Qomgimanerd.tech



