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Laplace’s Equation
In one dimension, the heat equation looks like:
Uy = A% Ugy
We will see that the heat equation in two dimensions looks like:
Uy = a° (Ugy + Uyy)

We can reach a steady state by letting ¢ — oo and u; — 0. The steady state
temperature distribution is given by Laplace’s equations:

This is an elliptic partial differential equation, which can be written with the short-
hand Au = 0. In polar coordinates, this can be written as:

1 1
Au = VU = Uy, + —U, + —Ugg
T T

Boundary Conditions

Different boundary conditions are possible if u(z,y) is a steady state temperature
distribution on a rectangular plate. We can have homogeneous Dirichlet boundary
conditions on the vertical and horizontal edges.



u(z,b) =0

u(0,y) =0 u(a,y) =

u(r,0) = f(z) @

If we insulate the left and right edges of the plate, we can also have homogeneous
Neumann boundary conditions.

Y

u(z,b) =0

%u(0,y) =0 %u(a,y) =0

u(z,0) = f(z) ¢




Solution

The approach to solving this is still generally the same. Suppose we have the bound-
ary value problem:

Ugg + Uyy =0
ux(()? y) = uz(a'7 y) =0
u(z,b) =0
u(z,0) = f(x)

We start with the separation of variables by substituting u(z,y) = X(2)Y (y) to
obtain two ordinary differential equations.

Ugg + Uyy =0
XY +XY"=0

X -y
Xy ==
X"+ XX =0
Y- )Y =0

We can then solve the eigenvalue problem by going through all three cases of A. Since
we have done this before, we know the following:

2
A, = (nl> n=012 ...

a
nmwx

Xn(z) = ¢, cos <T>



With A\, we can solve the other ordinary differential equation.

Y =AY =0
Ao =0
XOZCO

Yo(y) = Ao + Boy

- ()
a
Yaly) = ane’ ™™ 4 bye VA
nwy
= a,, cosh b, sinh
acos(a)—l— sm(a)

— b, tanh(™™)

a

b
Yo (y) = —bntanh(n;r ) cosh( Z )+ bn smh( y)

a

= d, sinh(%(y — b))

Now we can substitute our solutions for both ordinary differential equations back to
get u(z,y).

un(,y) = en cos(nf:x) sinh(%(y —b))

nm

=eo(y — b) —I—Zencos(%)sinh(?(y—b))

f ) dz
0
2 nﬂx
= d
e asmh( By / f(x) cos( ” —) dx

Polar Coordinates

In polar coordinates, the Laplacian of u(r, ) is

Pu  10u 1 0%u

bu=%5 T2 Y roe
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Suppose we have the following Dirichlet boundary value problem on a 2D disk shaped
domain.

urr+—+—2:O 0<r<a —w<60<m
rooor
u(r,—m) =u(r,m) 0<r<a
up(r,—m) =up(r,m) 0<r<a

We have to impose the additional constraint that u(r,#) is bounded on the domain.
Like before, we begin with separation of variables.

u(r,0) = R(r)T'(0)

This yields the following ordinary differential equations and boundary conditions.

T"0)+ \T'(6) =0
T(m) =T(m)
( m) =T'(r)
r?R"(r) +rR'(r) — AR(r) = 0

The solution to the eigenvalue problem presented here is

Ay=n? n=0,1,2,...
To(6) = By
T,.(0) = A, cos(nf) + B, sin(nd) n=1,2,...

The other ordinary differential equation (r*R”(r) 4+ rR/(r) — AR(r) = 0) is known as
a Cauchy-Euler equation. We cannot use auxiliary equations to solve this because
of the variable coefficients.



Case n =0:

Suppose we take the case of Ag:

)\0:0
PR’ +rR =0
dR
Let : y = !
et:y= O =R
r?y +ry =0
ry +y =0
dy
dr r
dy _ _ dr
y T
y = R =e In(r)+c
_ e-mtn _ C
,
dR C
/ dR = /— dr
=Cln(r)+d

Since we want a reasonable bounded solution, we can apply the constraint |u(r, )| <
oo for 0 < r <aand —7 < 0 < 7. Since In(r) approaches —oo at 0, we set Dy to
0 since it doesn’t make sense for our circular disk to have infinite temperature at its
center.



Case n > 0:

m

Suppose we take n = 1,2,3,...(n € N). We can use a test solution R(r) = r™ to

try and obtain an m that satifies the differential equation.

R +rR —n*R=0
R(r)=r™

The general solution can be put in the form:
R(T> =Cpr" + Dypr™"

If R(r) is bounded, then we must set D,, = 0, otherwise r~" goes to infinity as r goes
to 0, which also does not make sense in the context of the problem.

R(r) = Cp™

With this, we can assemble the modes and construct our solution for u,(r,#). For
n = 0O:

Uo(T‘, 9) = Ro(T)TQ(Q)
= CyBy

ao .
= ) renamed for convenience
For all other n € N:

up(r,0) = R, T,
= C,r" (A, cos(nd) + B, sin(nb)



We rename variables to put this in the form of a Fourier Series solution:

Cod, = 2
an
C,B, =
an
_ a0, N~ Ty .
u(r,0) = 5 T Z(a) (ay, cos(nb) + by, sin(nd))

n=1

If we apply the final boundary condition:

Qo

u(a,d) = f(0) = 5 + Z(g)”an cos(nf) + by, sin(nb)

n=1

Qo - :
=5 + Z an, cos(nd) + b, sin(nh)

n=1

This matches the form of a standard Fourier series solution.

Heat Equation in 2D
)

u(z,y,t)




If u(z,y,t) is 0 on all four boundaries and defined by the initial temperature u(x,y,0) =
f(0), then we have the following boundary value problem.

Ut = BAU = ﬁ(u:car + uyy)

u(0,y,t) =0
u(L,y,t) =0
u(z,0,t) =0
u(z, W,t) =0
u(z,y,0) = f(x)

Again, we begin with separation of variables obtain ordinary differential equations.
We will have to employ it twice here to obtain three ordinary differential equations.

u(z,y,t) = X(2)Y(y)T'(¢)
Uy = [(Use + Uyy)
XYT — p(X"YT + XY"T)

T/ X/I YI/
_— —:—)\
BT X 'Y
T + BT =0
X// Y//
- — =)\
XY
X//
y:—ﬂ X”—I—[LX:O
Y//

If we substitute and solve for the boundary conditions for our ordinary differential
equations:



We’ve solved these eigenproblems before:

mim

Hom = (7)2 m € N
X () = e sin(—2-)
Let :e=X—p
€n = (”—V;;)2 neN
nm
Y, (y) = a, sin( Wy)
T
T' — —BAT
T(t) = e BN

2

Tmn(t) _ bmne—ﬁ(’" +pz)m?t

We can add the modes into a superposition as the solution and apply the initial
condition.

Ui (T, Y, 1) = Xm(x)yn(y)Tmn(t)

'Z‘y’ Zzumnxya

m=1n=1

u(z,y,0) = f(x,y)
Rt . MWL, . NIy
—mlgamnsm( 7 )sm(W)

This takes the form of a Double Fourier Series solution. If we solve for a,,, using the
Double Fourier Series formulas:

4 L w
Ay = W/o /0 f(z,y) sin(mgx)sin(ng/y) dz dy

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvin@omgimanerd.tech
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