Linear Algebra: Homework 8

Alvin Lin
August 2016 - December 2016

Section 4.1

Exercise 1

Show that ¢ is an eigenvector of A and find the corresponding eigenvalue.

03
A:_s 0]
U:-l}

1
L 3
Av:_g]

=37
A=3

Exercise 3

Show that ' is an eigenvector of A and find the corresponding eigenvalue.

-1 1
A:_6 0]
o~ [1)

-2
L [-3
Av:_6}
= 37
A=-3



Exercise 5

Show that ¢ is an eigenvector of A and find the corresponding eigenvalue.

30 0
A= 101 -2
10 1
o
7= -1
6 ]
Av=|-3
_3_
= 30
A=3

Exercise 7

Show that A is an eigenvalue of A and find one eigenvector corresponding to this eigenvalue.

2 2
A:_2 —1]
A=3
-1 2
A-M:_Q _4]
{—1 2 0]_'—1 2 0]
2 —410 10 00
T = 229

One possible eigenvector is [ﬂ .

Exercise 9

Show that X is an eigenvalue of A and find one eigenvector corresponding to this eigenvalue.

0
A=15 5
)\:
—1 4]
A= =|_, N
~1 4(0] [-1 4 0
—1 410 0 00



One possible eigenvector is [ﬂ .

Exercise 11

Show that A is an eigenvalue of A and find one eigenvector corresponding to this eigenvalue.
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One possible eigenvector is | 1
-1

Exercise 27

Find all of the eigenvalues of the matrix A over the complex numbers C. Give bases for each of the
corresponding eigenspaces.

1 1
A= 4]
1-x 1
|A_M|:'—1 1—)\‘
=(1-N(1-X\)+1
=1-22+ A +1
=M -2 42=0
A:2j:\/4T8
2
=1+



A—(l—z’)[:{_ll ]

i 1l0] [+ 1 0

-1 ¢|0| |—t =1 0
’ifElz—lIQ

Exercise 29

Find all of the eigenvalues of the matrix A over the complex numbers C. Give bases for each of the
corresponding eigenspaces.

1 =2
A‘[il
1—X 7
’A_AH_‘i 1—J
= (1-A=(-1)
=1-224+X+1=0
A=1+i

A—u+01:{j i}

—1

o]=l o o




Section 4.2

Exercise 1

Compute the determinant using cofactor expansion along the first row and column.

10 3
s 11|t Y <oval )
01 2
=1(2-1)+3(5)
~ 16
:1H H_5ﬁ j+o
=1(2-1)—5(0—3)
~ 16

Exercise 3

Compute the determinant using cofactor expansion along the first row and column.

1 -1 0
-1 0 1 :1'? _11‘ (—1)’_01 _11‘+0
0 1 -1

=1(-1) +1(1)

=0

Since the matrix is symmetric, the expansion is the same along the first row and column.

Exercise 5

Compute the determinant using cofactor expansion along the first row and column.

31
1 2

2 1

3 2 31

12 3

2 31 :1‘ ’—2‘ ‘+3'2 3‘
31 2
=1(6—1)—2(4—3)+3(2—9)
=5-2-21

— 18

Since the matrix is symmetric, the expansion is the same along the first row and column.

Exercise 7

Compute the determinant using cofactor expansion along any row or column that seems convenient.

5 2
-1 1
3 0

2 2
1 2

O NN

=3[ 2 -0+

—=3(4-2)



Exercise 9

Compute the determinant using cofactor expansion along any row or column that seems convenient.

-4 1 3
2 =2 4=1
10

'13 —4 3
1

9 4‘_<_1)’ 9 4‘+0

= 1(4 4 6) + 1(—16 — 6)
=12

Exercise 11

Compute the determinant using cofactor expansion along any row or column that seems convenient.

a b 0
0 a bl=als Z‘—bg 2‘+0
a 0 b

= a(ab) — b(—ba)

= a®b + ab®

= ab(a + b)

Exercise 13

Compute the determinant using cofactor expansion along any row or column that seems convenient.

1(11 0wt 3)

1(1(2 - 12) + 3(4 — 2))

Exercise 15

Compute the determinant using cofactor expansion along any row or column that seems convenient.

o oy
l=0-0+0-al0 d e
0 de f b
g h i j g n
0 d
—a(0—0+b‘g h’)
= —ab(—dg)
= abdg



Exercise 21

Prove Theorem 4.2: The determinant of a triangular matrix is the product of the entries on its main
diagonal. Specifically, if A = [a;;] is an n x n triangular matrix, then

Base Case:

Induction Hypothesis:

Induction:
a1y 0
21 22
A(n+1)1 G(n+1)2

Exercise 23

det(A) = A11Q922 * * * Apn

|G11| = a1

det(A) = 110220433 * * * Apn

0
0 929 ce 0
0 = a1 : : 0
a n a n n
At 1)(nt1) (n+1)2 (n+1)(n+1)

= 011022433 * * * AppQ(n+1)(n+1)

Evaluate the given determinant using elementary row and /or column operations and Theorem 4.3 to reduce

the matrix to row echelon form.

—4 1 3 1
2 -2 4 (§R2 — Rg)
1 -1 0]
[—4 1 3]
1 -1 2 (Rs — Ry — Rg) (4R2 — RQ)
1 -1 0]
[—4 1 3]
4 —4 8 (RQ + Rl — RQ)
0 0 -2
[—4 1 3]
0 -3 11
0 0 -2




Exercise 25

Evaluate the given determinant using elementary row and /or column operations and Theorem 4.3 to reduce
the matrix to row echelon form.

2 0 3 -1
1 0 2 2
2 0 1 -3
[0 —1 —5]
1 0 2 2
= 0 —1 1 A (R4 — 2R2 — RQ)
2 1 -3
[0 —1 —5]
0o 0 -3 —7
= 0 —1 1 4 (RQ — 3R, — Rl)
2 1 -3
[0 0 8]
oo -3 -7
10 -1 1 4
2 0 1 -3

(=2)(=3)det(A) =
det(A)

l
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~—
—~

|
—_
~—
—~

|
w
~—
—~
oo
~—

Exercise 27

Use properties of determinants to evaluate the given determinant by inspection. Explain your reasoning.

3 1 0
0 =2 5|=-24
0 0 4

The matrix is upper triangular. The determinant of a triangular matrix is the product of the elements on
the diagonal.

Exercise 29

Use properties of determinants to evaluate the given determinant by inspection. Explain your reasoning.

2 3 -4
1 =3 =2|=0
-1 5 2

Multiplying column 1 by -2 would makes it identical to column 3.

Exercise 31

Use properties of determinants to evaluate the given determinant by inspection. Explain your reasoning.

4 1 3
-2 0 -2|=0
5o 4 1

Subtracting the second column from the first column makes the first column identical to the third column.

8



Exercise 33

Use properties of determinants to evaluate the given determinant by inspection. Explain your reasoning.

0

-3 = —24

o O

S O O N
_ o O O
O = O O

Swapping the first and second rows and swapping the third and fourth rows makes it a triangular matrix.
These two operations negate the determinant and cancel out. The determinant of a triangular matrix is
the product of the elements on the diagonal.

Exercise 35

Find the determinants assuming that

a b c
d e f|l=4
g h 1
2a 2b 2c
d e [f|=8
g h 1
Exercise 37
Find the determinants assuming that
a b c
d e =4
g h 1
d e f
a b c|l=—-4
g h 1
Exercise 39
Find the determinants assuming that
a b c
d e fl=4
g h 1
2c b a
2f e d|=-8
2t h g



Exercise 45

Use Theorem 4.6 to find all values of k for which A is invertible.

Exercise 46

kK -k 3
A=10 k+1 1
k-8 k-1
kL —k 3
0410 k+1 1
Eo—-8 k-1
k+1 1

—k 3
7““‘—8 k—1’_0+k'k+1 1‘
# k(k* =1 — (=8)) + k(—k — (3k + 3))
£ K+ Tk — k* — 3k* — 3k
£ k* — 4k? + 4k
£ k(k* — 4k + 4)
# k(k —2)(k - 2)

k40 k+#£2

Use Theorem 4.6 to find all values of k for which A is invertible.

Exercise 47

Assume that A and B are n X n matrices with det(A) = 3 and det(B)

determinants.

Exercise 48

Assume that A and B are n x n matrices with det(A) = 3 and det(B)

determinants.

k kO
A=k 2 k
0 k k
k

0 % |k?

TN T
T T O

kK k
0 k
£ k(2k — k?) — k(k?)
£ 2k% — k3 — k!
#—k*(k* +k—2)
# —k*(k+2)(k—1)
E#0 k#-2 k+#1

0
2 k
A e

o

det(AB) = —6

det(A*) =9

10

—2.

—2.

Find the indicated

Find the indicated



Exercise 49

Assume that A and B are n x n matrices with det(A) = 3 and det(B) = —2. Find the indicated
determinants. . 5

det(B™'A) = —3 = —=

et(B~A) = — 5

Exercise 50

Assume that A and B are n x n matrices with det(A) = 3 and det(B) = —2. Find the indicated
determinants.

det(2A) = 2"(3)

Exercise 51

Assume that A and B are n x n matrices with det(A) = 3 and det(B) = —2. Find the indicated
determinants.

det(3BT) = 3"(—2)
Exercise 52

Assume that A and B are n x n matrices with det(A) = 3 and det(B) = —2. Find the indicated
determinants.

det(AAT) =9
Exercise 57

Use Cramer’s Rule to solve the given linear system.

r+y=1
T—y=2
1 11 » [n
A=l 4] i-f
det(A) = -2
det(Alg):'; _11‘——3
det(Agl;):H ;‘:1
,_—3_3
=2 2
11
L

11



Exercise 58

Use Cramer’s Rule to solve the given linear system.

20 —y =5
r+3y=-—1
2 -1 = 5
O I
det(A) =7
- 5 —1
- 2 5
det(Agb):‘l _1‘——7
14 5
xr=— =
7
-7
:_:—1
V=T
Exercise 59
Use Cramer’s Rule to solve the given linear system.
2e+y+3z=1
y+z=1
z=1
2 1 3 .
A=10 1 1 b=
001
det(A) =2
. 11 3
det(A;b) =1 1 1| = -2
1 01
B 21 3
det(Ash) =10 1 1| =0
0 11
2 11
det(Azh) =10 1 1| =2
00 1
2
rT=—=-1
2
0
:—:0
Y73
z=1

12

—_ = =



Exercise 60

Use Cramer’s Rule to solve the given linear system.

r+y—z=1
r+y+z=2
rT—y=3
1 1 -1 1
A=1[1 1 1| b=]2
1 -1 0 3
det(A) =2+2=4
1 1 -1
det(Ab)=12 1 1|=6+3=9
3 -1 0
11 -1
det(Ash) =11 2 1|=3-6=-3
13 0
11 1
det(Asb) =1 1 2|=1+4140=2
1 -1 3
9
Ty
-3
A
2
T

Exercise 61

Compute the inverse of the coefficient matrix.

1 1
A=l 2
Cip=-1
Cipy=-1
Cy = —1
Cy =1

1 |—-1 -1
=50

13



Exercise 62

Compute the inverse of the coefficient matrix.

2 —1
=]
Ci=3
Cp = -1
Cor =1
Cop =2

I
— | =
| e
|~
N0 =
1

Exercise 63

Compute the inverse of the coefficient matrix.

21 3
A=10 11
0 0 1
(1 0
adj(A) = | -1 2
|2 —2
11
det(A) 2
1 _1
2 2
Al=10 1
0 O
Exercise 64
Compute the inverse of the coefficient matrix.
1 1
A=1|1 1
1 -1
(1 1
adj(A) = |1 1
2 -2
11
det(A) 4
11
1 1
-1
e
_1 1
2 2

N[ =




Section 4.3

Exercise 1

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

1 3
=15
1-X 3
—2 6-—X\
=6—TA+XN4+6=X\—-7TA+12
= (A=3)(A=4)=0

A=At = = (6= 1= )~ (-0

A=3 A=4

-2 30

o= [2 0]
3$2:2$1

e (]

w320

T = T2

e[

Each eigenvalue has algebraic and geometric multiplicity 1.

Exercise 3

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

1 1 0
A=10 =2 1
0 0 3
1—) 1 0
A=X|=| 0 —2-Xx 1 |[=(1-=-XN(-2=-X)B-X=0
0 0 3—\
A=1 A=-2 \=3
[0 1 0 0 0100
[A—1I[0)=|0 =3 1 0| =10 0 1 0
0 0 20 0000
Inglfgzo
1
E, = |0
0

15



31 00 31 00
[A+2I0]=1]0 0 1 0| =10 0 1 O
0050 0000
3.]71:—513'2
fL‘3:O
—1
E_5 = span 3
0
-2 1 00 10 0 -1 0
[A-3I0]=]10 -5 1 0l=|0 5 —1 0
0O 0 00 0 0 0 O
10z = 5z = 23
1
FEs5 = span 2
10

The algebraic and geometric multiplicities of the eigenvalues are 1.

Exercise 5

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

1 2 0
A=1-1 -1 1
0 1 1
1-A 2 0
A-M|=| -1 —1-Xx 1 |=@=N((1=N(-1-A)—1)—2(—(1-N)
0 1 1—AX

=(1=XN)(-1+X—=1)+2-2A
= 2+ X422 = X342 -2)

=A%+ \?
= -NA-1)=0
A=0 A=1
1 2 00 1 0 =20
[A-0I0]=|-1 -1 1 0f=(01 1 O
0 1 10 00 0 O
$1:2£L‘3
T9 = —XT3
2
Ey=span | |—1
1

16



0 2 00 10 -1 0
[A—1Il0]=|-1 =2 1 0| =01 0 O
0O 1 00 00 0 O
1 — T3
ZEQZO
1
Ey = span 0
1

A = 0 has algebraic multiplicity 2 while A = 1 has algebraic multiplicity 1. They both have geometric
multiplicity 1.

Exercise 7

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

4 01
A=12 3 2
~1 0 2
4—X 0 1
A=X|=| 2 3-X 2 |[=@A-NMNEB=-N2=2\))+0+B=X)
—1 0 2—2)
=4 —=N)(6—-5A+X1)+3- A
=24 — 200+ 4\ —6X+5X2 = X3 4+3 -\
=N 4N 2T\ +27=0
A=3
1 0 1 0 1010
[A=3II0)=|2 0 2 0/=1|0000
-1 0 =10 0000
Tr1 — —XT3

Egz[f]?l i) —[Ifl}

1 0

=T 0 + o 1
el

[ 1 0

1

0

= span 0|,
-1

A = 3 has algebraic multiplicity 3 and geometric multiplicity 2.

17



Exercise 9

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

3 100
~1100
A= 0 0 1 4
0 011

3—\ 1 0 0

-1 1=X 0 0

[ A=A = 0 0 1—-X 4

0 0 11—
(3= =X +1((1=1)?*—4)
= A= 6% + 907 +4X — 12

= A2(A2 —6A+9) +4(\ — 3)
=(A=3)(\* =32 +4)
=A=3)A=2*A+1)=0
A=-1 A=2 A=3

4 1000 10000
-1 200 0 01000
A+0I=10" 09 40001 20
0 0120 00000
x1:x2:0
ZL’3:—2{E4
0
E_1 = span _02
1
1 1 0 0 0 11000
-1 -1 0 0 0 00100
[A_21|0]_00—140_00010
0 0 1 —-10 00000

Es = span

18



0O 1 0 0 0 100 0 0
1 -2 0 0 0 010 0 0
[A - 3110 = 0 0 -2 4 0|/ (001 =20
0O 0 1 -20 000 0 0

=N OO

Exercise 11

Compute the characteristic polynomial of A, the eigenvalues of A, a basis for each eigenspace of A, and
the algebraic and geometric multiplicity of each eigenvalue.

1 00 0
0 10 0
A= 1 13 0
-2 1 2 -1
11—\ 0 0 0
0 1-X 0 0
A= Al| = 1 1 3=\ 0
) 1 2 —1-2)

0 00 0 O 000O0O
0 00 0 O 00 0O0O0
A=MOI=17 1 2 0 o/ =|11200
-2 12 =20 300 20
$1+I2+2ZE3:0
3.T1+2.T4:0
T i 233'1 2 0
. —21’3 —T1| —41‘3 - 2.1'1 . —2 —4
El_ T3 - 23173 - 0 + T 2
- 31 -3 0
21 [0
—2 —2
= span 0 , 1
_3_

19



Exercise 13

Prove Theorem 4.18b: Let A be a square matrix with eigenvalue A and corresponding eigenvector . If A
is invertible, then 1 is an eigenvalue of A~! with corresponding eigenvector Z.

A
AT = \&
ATTAZ = ATHOD)
7= \NAT'T
1
A_lf - Xf

Exercise 14

Prove Theorem 4.18c: Let A be a square matrix with eigenvalue A and corresponding eigenvector #. If A
is invertible, then for any integer n, A" is an eigenvalue of A" with corresponding eigenvector .
Base Case n = 1:

Induction Hypothesis: A% = \"%
Induction Step:

Exercise 20

Let A be a nilpotent matrix. Show that A = 0 is the only eigenvalue of A.
|A™] = 0] =0
Thus A = 0 is an eigenvalue. Show that there are no other eigenvalues.
Suppose A is another eigenvalue (A # 0). Then A™ is an eigenvalue of A™. This forces A™ =0 ... A = 0.

Exercise 21

Let A be an idempotent matrix. Show that A = 0 and A = 1 are the only possible eigenvalues of A.

Since A is idempotent, it means that A2 = A. Let X be an eigenvalue of A, then A\? is an eigenvalue of
A? = A,

A2 =)\
A2 A=0
AA—1)=0

A=0 A=1

20



Exercise 22

If ¥ is an eigenvector of A with corresponding eigenvalue A and c is a scalar, show that ¢ is an eigenvector
of A — ¢l with corresponding eigenvalue \ — c.

B=A-cl
( AT =0
( )l =A—cl—(AN=0o)l
=A—cl— M +cl
=A- )

(B—(\—o))7=(A— )7 =0

Section 4.4

Exercise 1

Show that A and B are not similar matrices.

=] =l

A= | = ‘4g 1_A‘ (4= N)(1=)) =3

=4—BA+X -3
=\ —5A—T
I-X 0
|B—)\I|_‘ 0 1_)\‘_(1—)\)(1—)\)

Since A and B do not have the same characteristic polynomial, they are not similar.

Exercise 3

Show that A and B are not similar matrices.

21 4
A=10 2 3
0 0 4

1 00

B=|-1 4 0

2 3 4
A= M| = (2 X2~ A4~
[B—AM[=(1-X)4-X4-X)

Since A and B do not have the same characteristic polynomial, they are not similar.

Exercise 5

A diagonalization of the matrix A is given in form P~'AP = D. List the eigenvalues of A and bases from

the corresponding eigenspaces.
2 =15 1|1 1] 1[4 O
-1 1|12 2|1 2] |0 3

21



Exercise 7

A diagonalization of the matrix A is given in form P~'AP = D. List the eigenvalues of A and bases from
the corresponding eigenspaces.

o=

1
8

1
8 1 3 3113 O 1 6 0 0
_}12_4_11202210:0_20
5 3 _3]/(13 3 1] [3 -1 -1 0o 0 -2
8 8 B
A=6 A=-2 A=-2
3
Eg = span | |2
13
[0 1
E_5 = span 11,10
-1 -1

Exercise 9

Determine whether A is diagonalizable and, if so, find an invertible matrix P and a diagonal matrix D
such that P~*AP = D.

-3 4
-1 1
A= AT = ‘3 A 1f)\’:(—3—)\)(1—/\)+4
= -3+22+ N +4=2+22+1
=(A+1)*=0

A is not diagonalizable since there cannot be two linearly independent eigenvectors.

22



Exercise 11

Determine whether A is diagonalizable and, if so, find an invertible matrix P and a diagonal matrix D
such that P7'AP = D.

101
A=10 11
110
I-x 0 1
[A=M|=] 0 1-X 1 1/==N+22+)1-2
1 I =

=-NA=-2)+1\-2)
= (1= N1 +N(A-2)=0
A=1 A=-1 A=2

00 1 O]
[A—1Il0]=10 0 1 O
11 -1 0
-1
E, = span 1
0
2 010
[A+1I10)]=1]0 2 1 0
1 110
-1
E_{ = span —1
2
-1 0 1 0
[A=2I0)]=]0 -1 1 0
1 1 =20
1
Es = span 1
1

The algebraic multiplicities of the eigenvectors are equal to their geometric multiplicities, so the matrix is
diagonalizable. The following matrices P and D satisfy P~'AP = D.

-1 -1 1 1 0 0
P=11 —-11 D=0 -1 0
0 2 1 0 0 2

23



Exercise 13

Determine whether A is diagonalizable and, if so, find an invertible matrix P and a diagonal matrix D
such that P7'AP = D.

1 21
A=|-1 0 1
1 10
1-Xx 2 1
[A=X|=| -1 =X 1[=XA\-1)=0
1 I =
A=0 A=1
1 21 0]
[A—0I0]=|-1 0 1 0
1 10 0
1
Ey = span —1
1

Since the geometric multiplicity is not equal to the algebraic multiplicity for A = 0, this matrix is not
diagonalizable.
Exercise 15

Determine whether A is diagonalizable and, if so, find an invertible matrix P and a diagonal matrix D
such that P7'AP = D.

20 0 4
02 0 0
A‘oo-zo
00 0 -2
A=2 A=2
[0 0 0 4 0 00100
00 0 0 0 00010
[A_QI’O]_00—400_00000
00 0 —4 0 00000
1'321'4:0
1 0
0 1
Eg—spano,o
0| |0

24



400 40 10010
04000 01000
A+2100=10 0 9 00l =lo 00 0 0
00000 00000
1 — —Ty
IBQ_O
X1 1_ 0
0 0 0
E_g— T3 —I10+.T31
—I1 —1_ 0
1 0]
= sSpan 0 O
=P 011
~1| o

Since the algebraic multiplicities of the eigenvalues is equal to their respective geometric multiplicities, the
matrix is diagonalizable. The following matrices P and D satisfy P~1AP = D.

20 0 O 10 1 0
02 0 O 01 0 O
b= 00 -2 0 P= 00 0 1
00 0 =2 00 —-120

Exercise 17

Use the method of Example 4.29 to compute the indicated power of the matrix.

-1 6
=l
—1-A 6‘
I =)
= AN=1-X)—-6=X4+)X-6
=A+3)(A-2)=0

]A—)\[|:’

A=—3 A=2
2.6 0] 130
[A+3[|O]_{1 3 o}_{o 0 0]

25



2 0
p=[5 1y
2 3
=l 4
1 |71 -3
Pl 1[_1 ;
P'AP=D
P~tAYP = D"
AN = pptop-l

[ 315 el 2

Use the method of Example 4.29 to compute the indicated power of the matrix.

Exercise 19

0 3
=]
- 3
IA—MTI—’1 2_/\’——)\(2—)\)—3
=N =2 -3=(A-3)A+1)=0
A=3 A=-2

o[22 43S

e[

A+ 11]0] = B ’ 8}

s3]

26



1 3
R
1[-1 —
e
P'AP=D
P tAFpP = D*
AF = ppFp!

Exercise 21

Use the method of Example 4.29 to compute the indicated power of the matrix.

1 1 1
A=10 =1 0
0 0 -1
A= X|=(1-XN)(-1=XN)(-1=-X)=0
A=—-1 A=1
0 1 1 0 01 00
[A—1Il0]=10 =2 0 0| =1|(0 0 1 0
0 0 -2 0 0000
1
E = span 0
0
[2 1 1 0]
[A+1I10]=1{0 0 0 0
0 0 0 0]
[ 1 | [ 1 0
E_1: T = I 0 + X9 1
—1'2—21'1_ _—2 —1
1 0]
= span 0f,]1
-2 —1)

27



(1 0 0]
D=0 -1 0
0 0 —1]
(1 1 0]
P=10 0 1
0 —2 —1]
B 1 1
p1l = (1) _il _El
2 2
0 1 0
(1 1 0] [125 0 0 1z 3
A2015 = |0 0 1 0 (_1)2015 0 _% _%
0 -2 -1 0 0 (=121 10 1 0

Exercise 23

Use the method of Example 4.29 to compute the indicated power of the matrix.

1 1 0
A= 12 =2 2
0 1 1
1—AX 1 0
A—M|=] 2 —2-X 2 [=(1=N((=2=-N)1-X)—2)—2(1—))
0 1 1—A

= (1 =N\ +A—4) —2+2)\

=N N4 =N =N ra—242)
XN TA—-6=0

A=-3 A=1 =2

4 1 00 10 -1 0
[A+3I10)]=1]2 1 2 0| =101 4 0
01 4 0] 00 0 O
1
E_3 = span 4
1
0 1 0 0] 1010
[A—1Il0]=12 =3 2 0| =0 1 0 O
0 1 0 0] 0000
1
Ey = span 0
-1
-1 1 0 O
[A=2I0]=]0 1 -1 0
0 0 0 O
1
Ey = span 1
1

28



-3 00
D=0 10
| 0 0 2]
(1 1 1]
P=1{4 0 1
1 -1 1]
11 1
-1 03 ¢
P =13 0 —3
2 _1 2
L 3 3 3
1 1 1] [(-3)* 0 o] [-% 3 —%
AF=14 0 1 0o 1 0|3 0 —3
5 1 2
1 -1 1 0 0 2¢] |32 -3 2
Exercise 25
Find all real values of k£ for which A is diagonalizable.
|1k
10 1
|A — >\I|: 1-— =0

A=

m—mmzmgiﬂ

o[

The matrix is not diagonalizable as long as k& # 0 since the geometric multiplicity of A = 1 will be less
than its algebraic multiplicity. This matrix is only diagonalizable for k£ = 0.

Exercise 27

Find all real values of k£ for which A is diagonalizable.

k
A= 0
1

S O =
O = O

M—Aﬂ:(_Af:o

0

0

1

E = span 0
0

By the same logic as Exercise 25, this matrix is only diagonalizable if £ = 0.

[A—11]0] =

o O O
o O O

I
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Exercise 29

Find all real values of k£ for which A is diagonalizable.

1
A= |1
1

R R
T ™

1— 1 k
A=X|=| 1 1-X k |=
1 1 k=X

=(k—k+E\N —(kE—kX—k)+ (k—=X(1-=X?*=1)

= kXA + XN+ (E— N (N2 —2))

= 2kX + kN2 — 2k — A3 4+ 202

= -\ + (2 + k)N

=X (=A+2+k)=0

A=0 A=k+2

11 0
[A—o0I0]= |1 1 &k 0
11 0

k
k
k
-1 k
Ey = span 11,10
0 -1
1 k
k

A—(k+2I0]=| 1 —k—1

A is diagonalizable for all real values of k.

If you have any questions, comments, or concerns, please contact me at alvin@Qomgimanerd.tech
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