Linear Algebra: Homework 6

Alvin Lin
August 2016 - December 2016

Section 3.2

Exercise 1

Solve the equation for X, given that:
1 2 -1 0
Sl I

X—-2A+3B=0
X =2A-3B

12 4 B -3 0

|6 8 3 3

|5 6

3 5
Exercise 3

Solve the equation for X, given that:
1 2 -1 0
R

2(A+2B) = 3X

X — (AJ?:2B)

'-@ﬂ+ﬁﬂ)

2

3
2 4
3 3
10 12
3 3

Write B as a linear combination of the other matrices if possible.

IR RN

B:2A1+A2

—

Exercise 5
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Exercise 7

Write B as a linear combination of the other matrices if possible.
311 1 0 -1 -1 2 0 1 11
B:li &:b1 J @_h 1J'%_hoJ
Not possible.

Exercise 9

Find the general form of the span of the indicated matrices.
1 2 0 1
S SRR

1 2 01
span(Ai, Ay) = ¢ {_1 1] + ¢y [2 1]

o C1 201 + Co
=1 +2¢ ¢+

-[v 7

1 0|w 1 0 w
2 1jxz | (1 0 z—=2
-1 2|y | |0 2 y+w
1 1]z _1 1 z
(1 0 w ]|
{10 z—=2
- +w
0 1 #5%
0 1 z—w,
[1 0 w
00 xz—z—w
“lor o
0 0 Z—w—erTw
wW=x—z
eyt
2
2z —w)=y+w
22 —3w =y
22=3(x—2)=y
92 —3r =y
rT—z
span(Ar, Ay) [52—31‘ z]

Exercise 11

Find the general form of the span of the indicated matrices.
1 0 -1 -1 2 0 1 11
&_kl J &_h 1&‘%_koJ
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span(Ay, Ay, A3) = c1 Ay + ca Ay + c3A3
_ |:Cl — Cy + C3 202+C3 —C1 + C3

0 c1+ Co 0
Juvow
[0
(1 -1 1 u] (1 -1 1 ]
0 2 1 v 1 1 0 vy
-1 0 1 w| [0 2 1 w
0O 0 0 z| |[-1 0 1 w
1 1 0y 0 0 0 =«
|0 0 0 =z |0 0 0 z]
[0 —2 1 u—y]
0 2 1 v
(1 1 0 Y
-1 0 1w
0 0 0 =
00 0 =2 |
[0 0 2 u—y+v]
0 10 v—y—w
10 2 2 2y+2w
-1 01 w
0 00 x
|0 00 z
[0 0 2 u—1y+v
0 10 v—y—w
10 00 2y+2w—u+y—v—20wv—y—w)
-1 01 w
0 00 x
0 00 z

0=2y+2w—u+y—v—2vV—y—w)
0=>5y+4w —u—3v

Sy+4dw—u  u+3v—>5
5y + 4w — v 2 y]

4
T u+3gf4w >

span(Ay, Ag, Ag) = [

Exercise 13

Determine whether the given matrices are linearly independent.

ERI




cr+4cy 2c +3ca| 0 0
3¢y + 2¢9 4cl+02] |0 O}
1 40 [—5 0 0
2 3 0 |-10 0 O
320 |3 20
4 1 0 4 10
(1 0 0
1010
|0 00
0 00

The only solution for this is ¢; = ¢o = 0, so the matrices are linearly independent.

Exercise 15

Determine whether the given matrices are linearly independent.

0 1 1 0 -2 -1 -1 -3
5 2 2 3 0 1 1 9
-1 0 11 0 2 4 5
Ocy + leg —2¢3 — ley leg 4+ 0cy — les — 3eq | [0 0
5C1+202+0C3+1C4 2C1+3CQ+163+9C4 =10 0
—1Cl+162+003+404 061+1C2+203+5C4_ _0 0
[0 1 -2 —1 0] [1 0 0 0 0]
1 0 -1 =30 01000
5 2 0 1 0 100100
2 3 1 9 0 00010
-11 0 4 0 000O0O0
001 2 5 0/ |000 0 0

The only solution for this is ¢; = co = ¢35 = ¢4 = 0, so the matrices are linearly independent.

Exercise 22

Prove that, for square matrices A and B, AB = BA if and only if (A — B)(A + B) = A*> — B2

Assume AB = BA
AB - BA=0
(A— B)(A+ B) = A* + AB— BA — B?
(A—B)(A+ B) = A> 4+ 0 — B?
— A2 _ B2

Converse:
Assume (A — B)(A+ B) = A*> — B?
A’ -~ AB—-BA—-B*=A?>-B?

AB—-—BA=0
AB = BA



Exercise 29

Prove that the product of two upper triangular n x n matrices is upper triangular.

11 A2 ... dip
A — 0 a929 ... Qop
i 0 0 ... aun
b1 b ... b
i 0 0 ... by
_Z?zl a1;bin Z?:l aiibip ... Z?zl a1;bin |
Z?zl azibin Z?:l agibia ... Z?zl a2ibin,
AB =
Z?zl Anibi Z?zl Apibia ... Z?zl Anibin,
[a11011 22;1 aribiz ... 2?21 a1;bin |
0 a22b22 Ce Z?:l azibm
0 0 0 A bnn
Exercise 30
Prove Theorem 3.4(a)-(c).
(a) (AT)T=A
B = AT
bij = Qjj
C — BT _ (AT)T
S G = bji
Sy = bji = Cjj
A=C= (AT)T
(b) (A+ B)T = AT + BT
(A+B)T"=C
aij + bij = Cij
AT+ B"=C

AT+ B"=(A+B)"
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(c) (kAT = k(AT)

B=A"

bij = Qy;
kB = k(AT)
kbij = k(ajs)
= (kA)"

k(BT) = k(A") = (kA)T
Exercise 31
Prove Theorem 3.4(e).
(AT = (AT)" for all nonnegative integers r
Base Case (r =1):
(AVT = AT — (AT)!
Induction Hypothesis:
(AT = (AT) for r > 1
Induction:
(AT = (A7 ADT
— (A")T(ALT
= (
= (

AT)(AT)! by the base case and induction hypothesis
T)r—‘,—l

s

Exercise 32

Using induction, prove that for alln > 1, (A1 + Ay +---+ A,)T = AT + AT+ ... + AT,
Base Case (n = 1):
(A" = A7
Induction Hypothesis:
(A +Ag+ -+ AN =AT AT . AT

Induction:

(A + A+ F+ A+ A ) =A+ A+ -+ AT+ AZH by Theorem 3.4b

= Al + A +---+ A + AT, by the induction hypothesis

Exercise 33

Using induction, prove that for all n > 1, (A;Ay... A,)T = AT ... AT AT,
Base Case (n = 1):
(A)" = AT

Induction Hypothesis:
(A Ay .. AT = AT ATAT
Induction:
(A1Ay . Ap A )T = ((A1Ay .. A An)T
= Al (414, ... A,)" by Theorem 3.4d
= Al AL .. ATAT by the induction hypothesis
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Exercise 34

Prove Theorem 3.5(b): For any matrix A, AAT and AT A are symmetric matrices.

air a2 A1n
Q21 A22 Q2n
A=
an1  QAp2 QAnp,
air  az21 an1
AT _ a1z Qg2 Qn2
_aln Q2n, ann_
- n n n =
Zizl A1;a1; Z¢:1 a1;a9; ... Zizl A1;0n;
n n n
Zizl A2;a1; Z¢:1 A2;Q2; .. Zizl A2;0n;
AAT = ATA =
n n n
_Zizl QpiQ1; Zizl QpiQ2; - .. Zizl QpiQng
r n n n —_
D1 QNG1 Yy G1iQ2 e Y A1iln
n n n
Doimy QUG Y iy G9iQ2i ... Y A2iln;
n n n
_Zizl A1;Cn; Zi:l a2;Qpg - - . Zi:l Qi Qi |
n n
E a1;a;1 = E a;1Qq4 and so on...
i=1 i=1
Exercise 37
Which of the following matrices are skew-symmetric?
1 2 .. . :
(a) A= 9 3 Diagonal does not contain zeroes. Not skew-symmetric.
(b) A= 10 A" = —A. This matrix is skew-symmetric.
0o 3 -1
(c) A=]-3 0 2 AT = — A, This matrix is skew-symmetric.
1 =2 0




0 1 2
(d) A=|-1 0 5
2 50

[0 —1 2

AT=11 0 5

2 5 0

[0 —1 —2

—A=1|1 0 -5

-2 -5 0

AT £ —A

This matrix is not skew-symmetric.

Exercise 39

Prove that the main diagonal of a skew-symmetric matrix must consist entirely of zeros.
Let A be a skew-symmetric matrix.
Clij = —a,j’L

1 = 7 along the diagonal

Qjg = —Qj
20,“‘ =0
Qi = 0

Exercise 40

Prove that if A and B are skew-symmetric n X n matrices, then so is A + B.

Qi = —aj;
bij = —bj;
Let C=A+B
Cij = Qi + byj
—aji — by
= —(aji + bji)
= —cj;

Exercise 41

If A and B skew-symmetric 2 X 2 matrices, under what conditions is AB skew-symmetric?

[0 a
A= —a 0]
[0 b
b= |—b 0]
[—ab 0
AB = i 0 —ab}
—ab=0
a=0o0rb=0

Either A or B must be filled with zeros.



Exercise 42
Prove that if A is an n x n matrix, then A — AT is skew-symmetric.
(A—AT>T:AT—(AT)T
=AT - A
= (~1)(4 - A7)

Therefore A — AT is skew-symmetric.

Exercise 43

(a) Prove that any square matrix A can be written as the sum of a symmetric matrix and a skew-symmetric
matrix.

A=A+ AT - AT
:A+%ﬂ—%ﬂ
:%A+%AT+%A—%AT

1 1
=2 p A=A

A+ AT and A — AT are symmetric and skew-symmetric matrices, respectively.

(A+AT) +

1 2 3
(b) Ilustrate part (a) for the matrix A= {4 5 6
78 9

1 2 3 1 1 2 3 1 4 7 1 2 3 1 47

45625 45 6[+12 5 8| ]+z1145 6]—-1(2 5 8

789 78 9 3 69 78 9 3 69

Exercise 44

If A and B are n X n matrices, prove the following properties of the trace:

(a) tr(A+ B) =tr(A) + tr(B)

i=1

= Z aj; + Z bii
i=1 i=1

=tr(A) +tr(B)

(b) tr(kA) = k tr(A)



Exercise 45

Prove that if A and B are n x n matrices, then tr(AB) = tr(BA).

tr(AB) = Zrowi(A) - col;(B)

=1 7j=1
-3 (St
j=1 \i=1
= tr(BA)
Exercise 46
If A is any matrix, to what is tr(AAT) equal?
C = AAT

n

cij = Z row;(A) - col;(AT)
i=1

= Z row;(A) - row;(A)

=1

tr(AAT) = Z [row; (A)|]?

Exercise 47
Show that there are no 2 x 2 matrices A and B such that AB — BA = I,.

tr(AB — BA) = tr(AB + (—1)BA)
=tr(AB) +tr((—1)BA)
(BA)

0 a11b12 4 a12baa — by1a1a + bi2ags
21011 4 agebar — baray + bagao; 0

41

..AB — BA =

Section 3.3

Exercise 1

Find the inverse of the given matrix (if it exists) using Theorem 3.8.

=]
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Exercise 3

Find the inverse of the given matrix (if it exists) using Theorem 3.8.

N

ad —bc=0

The matrix is not invertible.

Exercise 5

Find the inverse of the given matrix (if it exists) using Theorem 3.8.

The matrix is not invertible.

Exercise 7

Find the inverse of the given matrix (if it exists) using Theorem 3.8.

—15 —4.2
A:
{0.5 2.4}

ad — bc = —3.6 — (—2.1)

=—-1.5
24 —4.2
r_ | =15 -15
A= 05 -1.5
15 —15

Exercise 9
Find the inverse of the given matrix (if it exists) using Theorem 3.8.
a —b
A=l ]

1 1

det(A) a2 + b2

A= b

. a
a? +b2 a? +b2

_a _ _b
a2 +b2 a2 +b2
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Exercise 11

Solve the given system using the method of Example 3.25.

204y =-—1
or + 3y =2

Exercise 18

By induction, prove that if A, As,..., A, are invertible matrices of the same size, then the product
Ay Ay ... A, is invertible and (A, Ay. .. A,)" = AZ . AJTATL
Base Case:

(A1Ay) ™ = A TATT

Induction Hypothesis:
(A1Ay. . At =A ASTAT

Induction:

(A1Az. . ApAni1) = ((A1Ay . AL (Ang)) ™!

= A, 11(A1 Ay ... A,)7! by Theorem 3.9¢
= A, LA ASTATT by the induction hypothesis

Exercise 44

A square matrix A is called idempotent if A%2 = A.

(a) Find three idempotent 2 x 2 matrices.

LB b

(b) Prove that the only invertible idempotent n x n matrix is the identity matrix.

A=A
A(AT) = A2 (A7)
I, = AAA™!
I, = A,
A=1,
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Exercise 45

Show that if A is a a square matrix that satisfies the equation A% —2A + I =0, then A7 =27 — A.

A2 —2A4+1=0

A2 AT —24AYH) + (AT =0(AT)
Al -2()+ A1 =0
A—2I+ A1 =0

Al =2I—-A

Exercise 46

Prove that if a symmetric matris is invertible, then its inverse is symmetric also.

A= AT
(A—I)T — (AT)—l
(A—I)T — A—l

Since the transpose of the inverse is equal to the inverse, the inverse must be symmetric.

Exercise 47

Prove that if A and B are square matrices and AB is invertible, then both A and B are invertible.

Br =0
(A)BZ = (A)0
ABZ =0
Z =0 Theorem 3.12¢
.. B is invertible
A=Al
= A(BB™)
— (AB)(B™)

Since A is the product of two invertible matrices, A is invertible as well.

Exercise 49

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

{—24 10}_'100 14]

3 -101 [3 -101
(1 0 55 2
"3 1 0 —1]
_-1010§
01 2 %]
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Exercise 51

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

1 a 10 [1 a 1 0
—a 1 0 1| _a2 —a 0 —a
1+ 0 1 —a
o I a? —a 0 —a
r 1 —a
I R e R v
1 = 0 =L
i 1 —a
_ L0 1+a? 1+a?
= —1 1 -1 a
_0 “a 1+a? 7_|—1—i-a2
i 1 —a
_ L0 1+a? 1+a?
- a —a?
_0 1+a? 1—+—1—|—a2
i 1 —a
N R e v
- a 1
01 52 me

Exercise 53

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

1 -1 2 1 00
0 4 -4 —4 10
0 5 -5 =2 01

-1 2
2

o O =

O = O

_ o O
|

3 -1

No inverse exists since the last two rows can cancel each other out.

Exercise 55

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

a 00100 1002Xo00

1 a 0010/=|[1a0010

01 a00°1 01 a 001
100 £ 00
=10a 0 -2 10
01 a 0 01
100 L 00
=010 —% 10
01 a 0 01
100 2 0 0
=010 -% 10
00 a 5 —-11
100 £ 0 0
=010 -% L1 0
o1 & %!
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Exercise 57

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

2 0100
0 1 00O
-1 0 0 0 1

-2

0
1
1

[1 -1 3 0 0010
2 1
0 —1
0 1

0

2 01

—6

-1 00 0

1

0

-6 2 01 =2

0 3

-1 10 O

2

0

0

-2

21

2
2

—4
-3
2

3 1

-1 10 O

0

-3

4
2

-2
-1
1
-2
-2
—4
1
-2
-2
—4

-9
—4
3 000
-4 2 21
1
0

-1
-1

0
1

0

0
-1

0
0
2
3
0
0
2
3

1

1
0

0
—1

05 1

19 2

3 000
-4 2 21
1
0

1
0
0

0

051

19 2

1
01

-2

1
1

-4 2 2

5

0

0

1
0 1

2
0

—4

1

bt

)
-2
-2

—-11 -2
4

5
9

1 000
0100

0010

1

0 001

1 0 1000

0 2 0100
-13 0 0010
-1 0 0 0 1

1

-1
1
1

0
2
1
0
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Exercise 59

Use the Gauss-Jordan method to find the inverse of the given matrix (if it exists).

100 01 00O 1000 1 0O0O
c1r000100 (0100 0 1O00O0
00100010 (0010 0 010
a b cdO0OO0O01 0 b cd —a 001
(1000 1 0 0 0
/060100 O 1 0 O
/0010 0 0 1 0
000 d —a —b —c 1
(1 000 1 0 0 0
10100 O 1 0 O
/0010 0 0 1 0
0001 -5 —§ -5 3

If you have any questions, comments, or concerns, please contact me at alvin@omgimanerd.tech
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