Linear Algebra: Homework 5

Alvin Lin
August 2016 - December 2016

Section 2.3

Exercise 1

Determine if the vector ¥ is a linear combination of the remaining vectors.

~f] =[] s[2

1 2 1
A:_—1 ~1 2}
o 1 3
-1 12
o 1 3
-1 05

Yes

Exercise 3

Determine if the vector ' is a linear combination of the remaining vectors.

1 1 0
=12 up = |1 uy = |1
3 0 1

1 0 1

A=11 1 2

0 13

[1 0 1

=(1 0 -1

01 3

No

Exercise 5

Determine if the vector ' is a linear combination of the remaining vectors.

1 1 0 1
U= |2 n=11 =1 i3=10
3 0 1 1



OO OO OO~ OF -
SR O P NO B F=O = 4F=O

—_ O = = O

Yes

Exercise 7

Determine if the vector ¥ is in the span of the columns of the matrix A.

-~ [1 25
Alb = 3 4 6}
12 5
1o 4
o2 9
1o 4
There is a unique solution for:
la+2b=5
3a+4b=6



Exercise 9

Show that R? = span ([ﬂ , [_11})

1 1 a] 11 a
1 =1 b |2 0 a+b
! a}
- a+b
10 %52
__Ola—aTH’]
- a+b
10 2
a+b
r=a—
2
_a+b
1T

Any point in R? can be described by a linear combination of the two vectors using the constants described
above.

Exercise 11

1 1 0
Show that R? = span | [0], |1], |1
1 0 1
110 a (1 0 -1 a—b
011 bf=1]01 1 b
1 01 ¢ 10 1 c
(2 0 0 a—b+c
=10 1 1 b
1 0 1 c
(1 0 0 o=t
=10 1 1 b
0 0 1 c¢— o=t
(1 0 0 a=bic
=101 0 b—(c— 2=t
0 0 1 - b
a—b+c
xr =
2
a—b+c
—b—(c—
y ( 5 )
a—b+c
z=c—
2

Any point in R? can be described by a linear combination of the two vectors using the constants described
above.

Exercise 13b

Describe the span of the given vectors algebraically.

=R

3



L+ ]= 1

2s —t==x
—4s4+2t =y
[2 —lx}_[Q —1 JI:|
-4 2y 0 0 y+2
y+2x=0
Yy = —2x

The span of the two vectors describes the set of all vectors parallel and antiparallel to the given vectors,
which line on the line y = —2x.

Exercise 15b

Describe the span of the given vectors algebraically.

1 3
20, 2
0 -1
1 3 T
s12+t| 2| =|y
0 —1 z
s+3t=x
2s+2t =y
—t=2z
1 3 =z [1 0 z+3z
2 2 y|l=12 0 y+2=z
0 -1 =z 0 -1 z
1 0 x+ 3z
=0 0 y+2z—2x+32)
0 -1 z
0=y+2z—2z— 62
= 2r+y—4z

The span of the vectors describes a plane with the equation 0 = —2x 4+ y — 4z.



Exercise 17

The general equation of the plane that contains the points (1,0,3),(-1,1,-3), and the origin is of the form

ar + by + cz = 0. Solve for a, b, c.

1 -1 0 2 1 0 0 24y
01 0vyl=l0 1 0 uy
3 -3 0 =z 1 -1 0 3
[1 0 0 z+y
=1({0 1 0 Y
:1 00 2+y
100 T +y
=101 0 Y
0 0 0 §+y—(:p+y)
z
O=-ty—a-—
3 y—xr—y
42
= —X —_
3
=-3r+z2
a= -3
b=0
c=1
Exercise 18
Prove that @, ¥, @ are all in span(u, ¥, 7).
= 1u+ 0v+ 0w
v =0u+ 10+ 0w
w = 0u + 00U + 1w
U, U, W € span(d, v, W)
Exercise 19
=10+ 0(u + V) + 0(d + U + W)
U=—1u+ 1(d+ V) + 0(d + v+ W)
W= 00 — 1(d +0) + 1(d + U+ @)
U, v, W € span(t,d + U, U + U + )
Exercise 20
Prove that if u3, ..., 4, € R™ where S = {uj,...,u;} and T = {uy, ..., Uk, Upi1,-

span(T).
ciuy + coup + -+ 4 ey, € span(S)
LUy + ety + -+ - 4 cpty = cruy + - -+ cpug + Ougig +
iy + -+ + cpty + Oughq + - - - + 0y, € span(T)
span(S) C span(T')

.+, Upm } that span(S) C

C 4 O,



Deduce if R" = span(S), then R" = span(T).

R"™ = span(S
span(S) C span(T
span(T) O R"
span(T) = R"
Exercise 21
Suppose w is a linear combination of uy, u3, ..., u; and each u] is a linear combination of v1, ..., v,,. Prove
w is a linear combination of v1,...,v,,.
k
U_; = Z C;U;
i=1
k m
~3 ()
i=1 j=1
k m
-3 (o)
i=1 \j=1
m k
-3 ()
j=1 \i=1
w € span(si, ..., v7)
Also suppose each v; is a linear combination of uj,...,u;. Prove span(ui,...,u;) = span(vi, ..., Upn).
Above we proved:
span(uy, . .., ux) C span(vi, ..., vn)
Therefore:
span(ui, ..., ug) 2 span(vi, ..., Un)
Use the result above to prove that:
1 1 1
R? = span Of,|1],]|1
0 0 1



%

—_ == O == OO

span(€i, €3, €3)

RS

Exercise 23

= span(ej, €3, €3)

—

=e
=€+ €
=€ +é3+ 63
1] [1
C span 0], (1
0] |0
1] [1
= span 0f, (1
0] |0

Determine if the sets of vectors are linearly independent.

Linearly independent.

Exercise 25

1 1
727_]-
3 2
0] 0 1 3
ol =11 0 =2
0 0 0 =5
(1 0 0
=10 10
0 0 1

Determine if the sets of vectors are linearly independent.

N — O

Linearly dependent.

0] [2] [2
1, (1], |0
2] [3] [
2] [2
+ (0| = |1
1] |3




Exercise 27

Determine if the sets of vectors are linearly independent.

31 6] [o
4| |71, lo
51 18| |o

Linearly dependent, 0 is linearly dependent to all other vectors.

Exercise 29

Determine if the sets of vectors are linearly independent.

1 -1 1 0
-1 1 0 1
11710’ (1] ]-1
0 1 -1 1
1 -1 1 0 0 (1 01 -1 0
-1 1 0 1 0 |01 0 —-120
1 0 1 —-10/ 001 1 0
o 1 -1 1 0 000 -10
(1 0 000
1010 0 0
1001 00
00010
Linearly independent.
Exercise 31
Determine if the sets of vectors are linearly independent.
3 —1] [1] [-1
-1 3 1 -1
171 (73] ]1
—1 -1] [1 3
3 -1 1 -1 0 (2 2 2 -2 0
-1 3 1 =10 |0 4 4 0 O
1 1 3 1 0/ [0 0 4 4 0
-1 -1 1 3 0 -1 -1 1 3 0
[0 0 4 4 0]
10 4 400
|10 0 440
-1 -1 1 3 0]
(-1 -1 1 3 0]
|10 1 100
10 0 110
|0 0 0 0 0]

Linearly dependent, infinite solutions.



Exercise 42a

If the columns of an n X n matrix A are linearly independent as vectors in R"™, what is the rank of A?
Explain. The rank of A is n because there exists a non-trivial solution. It is possible to reduce A to
reduced row echelon form with no row of Os at the bottom.

Exercise 44

Prove two vectors are linearly dependent if and only if one is a scalar multiple of the other.
Suppose 1 is a scalar multiple of ¥.

U =cv
ci—i=0
Thus, « and ¢ are linearly dependent.
Exercise 46
Prove that every subset of a linearly independent set is linearly independent. Let v7,v3, ..., v, be a linearly

independent set.
C1U7 + 02 + - - - + ¢ Un # 0

By Theorem 2.5, U, v3, . . . , v, are linearly dependent if and only if at least one of the vectors can be expressed
as a linear combination of the others. If no such set of scalars exist, then no subset of v7,v3, ..., v, can be
linearly dependent. Thus, every subset of a linearly independent set is linearly independent.

Exercise 47

—

Suppse that S = {1, ..., 0, U} is a set of vectors in some R™ and that ¥ is a linear combination of v1, . . ., Uj.
If " ={vi,...,0}, prove that span(S) = span(S’).

If a vector @ € span(S):

w=div1 + -+ dpv, + dv
=di0] + -+ dpvi + d(crv] + - - F )
= dy01 + -+ + dgU + dey 0] + - - - + degoy,)

= (dy + dcl)vﬁ 4+ (dy + deg) vk
W € span(S")
span(S) C span(S")

If a vector & € span(S’):

= a0 + -+ + apvyp + 00
S



Exercise 48

Let {v1,...,v;} be a linearly independent set of vectors in R", and let ' be a vector in R™. Suppose that
U= 107 + 03 + - - - + vy, with ¢ # 0. Prove that {¢,03,...,v;} is linearly independent.

U = €107 + CoUy + - - - + U}

6:cv—l—clvl—|—cgvg+---+ckv7C

67£C?7+02?)3+"'+Ck?]_];

Therefore, {¥, v3, v} is linearly independent.

Section 3.1

Let:

Exercise 1

Compute the indicated matrices.

Exercise 3

Compute the indicated matrices.

B-C
Undefined.
Exercise 5
Compute the indicated matrices.
12 -6 3
AB = {—4 12 14}

10



Exercise 7

Compute the indicated matrices.

D+ BC= |

Exercise 9

Compute the indicated matrices.

Exercise 11

Compute the indicated matrices.

Exercise 13

Compute the indicated matrices.

BTCT — (CB)T

Exercise 15

Compute the indicated matrices.

Exercise 17

0 —3+3 6
-2 1 21 26
3 3
— 119 27
E(AF) = [4 2] -
11

= [10]

—4 =2
FE_[8 4]
4.0 1 35 4

=1-2 2 246—12
1 3 20
(4 12 20 4 12 20
=12 2 2[-12 2 2
7 15 23 7 15 23
[0 0 0
=10 0 0
00 0

9 0
3 _
w2 )
27 0
T 1—49 125

Given an example of a nonzero 2 x 2 matrix A such that A? = 0.

=l

|

1
-1

11



Exercise 21

Write the given system of linear equations as a matrix equation of the form A7 = b.

$1—2l’2+3$3:0
21’1+ZE2—55E3:4

1 -2 37" o
2 1 —5| (™| 7 |4
T3

Exercise 22

Write the given system of linear equations as a matrix equation of the form Ax = b.

—r1+2z3=1

Ty — Tg = —2

Ty + a3 = —1
-1 0 2| |z 1
1 =1 0] x| = |2
0 1 1| |23 —1

Exercise 35

Let A = [ 0 1]. Compute A2, A3, ... A7. What is A2015?

-1 1
., [-11
2=y
5 [-1 0
A_ﬂ —1
4 [0 =1
A‘}q
5 [1 -1
A‘}o
1 0
ﬁ:lJ—h
A7 _ Al
A2015 _ A6(370)+5
— (A6>370A5
— ([2)370A5

- ]

Exercise 36

Let:

S-Sl

_ 1
2
NG

12



Find B?%5,

0 —1
2 __
-0
[
Bi=| 2 ¢
R
-1 0
4
p=ly Y
38: é (1):|:IQ
B2015 _ é8(251)+7
:(]2)25037
:B3B4
1 1
— | v2 2
I S T
v \/J

Exercise 37

Let A = [(1) 1] . Find a formula for A”(n > 1) and verify your formula using mathematical induction.

s [1 2
=1y

5 [1 3

=1

1

0

A" = ”]

Base Case: Al = [é ﬂ . Induction Step: Assume it is true for n. Prove it is true for n + 1:

A= AA
[t a1 o1
—lo 1] |01

1 n+1
10 1

13



Exercise 38

cosf —sinf

sinf cos®

Let A= [ sin26  cos 260

] Show that A% = {COS 20 —sin 29}

A s A— cos —sm&] [008«9 —sm@]

sinf cos0 sinff cosf

cos?f — sin? 0 —cosfsinf — sinf cosf
| sin 0 cos 8 4+ cos 0 sin O —sin? @ + cos? 0
_ [cos(6+6) —sin(0+0)
|sin(0 +60)  cos(0 + 0)
[cos(20) — sin(26)
sin(20)  cos(20)

Prove by mathematical induction that:

T [cosme) — sin(nf)

~ |sin(nf)  cos(nd) } forn =1

Base Case (n = 1): Obvious.
Induction Step: Assume it is true for n. Prove it is true for n + 1:

AL = Am A

[cos(nf) —sin(nd)] [cosf —sinf

sin(nf)  cos(nd) ] {sin@ COSQ:|

[cos(nf) cos(#) — sin(nd) sin(f) cos(nd)(—sin(h)) — sin(nd) cos(f)
nf) cos(f) + cos(nh) sin(f) —sin(nd)sin(f) + cos(nd) cos(6)

(

(

T
Q.

(
in(
[cos(nf +0) —sin(nd + 6)
sin(nd +0)  cos(nd +0)

) —sin((n+1)9)}
) cos((n+1)0)

_ Jeos((n+1)0
)0

sin((n + 1

If you have any questions, comments, or concerns, please contact me at alvin@omgimanerd.tech
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