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Determinants of Matrices
IfA= [CCL Z] , then the determinant of A is ad — be.

det(A) = |A| = ad — be

This only works for 2 x 2 matrices, however. For larger matrices we have a different
recursive definition. Let A be an n x n matrix. Let A;; be the matrix A with row ¢,
col j deleted. The (i, j)-cofactor of A is defined by:

Cij = (—1)""7 det(Ay;)

Then: .
det(A) = Z CLijCij
j=1
Theorem:
det(A) = Z aijC’ij
j=1
= 2_aiCs
i=1
Example

Find det(A).
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det(A) = (—1)(1) Ags + 04z + (—1)(2) Ass

32 |5 2 5 —3
-1 4+0h 4+&4X%L —J
— 10— (~2)) + 0+ (-2)(~5 - (-0)

= (D=7 + (=2)(1)
—7-2=5

det(4) = (-1)(1)

Some Helpful Facts

Let A be a triangular matrix (upper or lower). Then det(A) is the product of the
entries on the main diagonal.

det(A) = |A| = H ag;

det

2(5)(7)
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A is invertible if and only if det(A) # 0

How Determinants Are Useful

(i) The determinant of A tells you whether or not A is invertible. A is invertible
if and only if det(A) # 0.

(ii) Cramer’s Rule: Suppose we have

a1 + -+ ATy = bl

ao1T1 + -+ - + a2y = by

p1T1 + -+ ATy = bn

and we want to solve
by
R bo
b= | .

bn
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Let A;(b) = A when we replace column i of A with b. If 7 = “|

Tn

Why is Cramer’s Rule valid? Consider:

AL(Z) = Alé; ... 7€)
= [AG .. AT... A€}

=lay... 7. .. dy)

= A;(T)
|Alz; = [A||L;(7)]
= [AL(7)|
= |A;(0)]
|A;(b)|
€T; =
Al
Example
Use Cramer’s Rule to solve:
xr, + 2%2 =2
-1 + 4ZL'2 =1



1= 3 i
@I =[; =20 -10) =6

1
o !
A0 1
A 2
=)=}
-] -]t

2w —y =5
+3y =1
SRR
4@I=| % 5| =50 - e -

-,

_ A1
A7
As(b)] -7

=" =-1
A 7



Adjoint Formula for A~!
1
-1 __
AT = det(A)
Cij = (=1)" (Ay)
Let [Cj;] be the cofactor matrix of A:

adjoint(A)

C =[Cy] adjoint(A) = CT
Example

Show that the eigenvalues of A = [CCL b} are the solutions of:

d
N —tr(A)X + det(A) =0

a—A b
d— A\

=(a—A)(d—=X)—bc

=ad —aX\ —d\+ \° — bc

=\ — (a+d)\ + (ad — be)

= A2 — tr(A)A + det(A4) = 0

|A— | =

0

Example

Show that the eigenvalues in the above example are:

A= (%)((a +2) 4 /{a—d)? + 4bo)

This comes from the quadratic formula:

AN +BA+C =0

\ —B+ /B2 —4AC
2A

A=1

B =—(a+d)

C =ad—bc

A= (%)((a +2) 4+ /a—d)? + 4bo)
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Example

Show that the trace and determinant of A are given by:
tr(A) =\ + Ao
det(A) = Ao
A= A)A = X2) = X2+ A=A — A2) + Mo
= A2 = A1+ A2) + A

Example

Find all values of k such that A is invertible.
ko —k 3
A= |0 k+1 1
k-8 k-1
Find all values of k such that |A| # 0.
1 —k 3
A=Fk|0 k+1 1 (factor from column)
1 -8 k-1
1 -k 3
0
0

k+1 1
—8+k k—4
E+1 1

—8+k k—4
((k+1)(k—4) = (=8+k))
(k* =3k —4+8 —k)

(k* — 4k+4)
= k(k —
(k —

Example

Find all values of k£ such that A is invertible:

E kO
A= |k* 2 k
0 k k
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Al = |AT]

E k* 0
=1k 2 k
0 k k
1 k2 0
=kl 2 k
0 k k
1 kK0
=k|0 2—Kk* Kk
0 k k
2—k? k
=k k k‘
o 2—k K
=k 1 1
=k ((2—4*) = k)
=k (—k*—k+1)
= k(K +k—2)
= k2 (k+2)(k—1)
07él<:2(k+2)(k: 1)
k%07_ )
Example
Suppose A and B are n X n matrices:
A]=3 |B|=-
Evaluate:
(a) |[AB]:
|AB| = [A]|B| =3(-2) =6
(b) |47 2
| A7 = [AA] = |A[|A[ = (3)3) =9
(c) |BTAJ:

|B™A| =[BT A] = [B[|A] =

1

—|A| = —3



(@) [24];
24] = 2|4] = (2)(3)

(e) [3BT:
3B"| = 3"|B"| = (3")|B| = 3"(-2)

Example

If Ais an n x n invertible matrix, show that adjoint(A) is invertible.

adjoint(A)™! = @A
= adjoint(A™")
c=[0)

Cij = (1) Ay
adjoint(A) = CT

1
= Wadjoint(A)

-~ |AJATY = adjoint(A)

A—l

Example

If Ais an n X n matrix, then show:
ladjoint(A)| = |A|"?

n - n 1 n—
= |A"ATY = A" () = [A]"

AlA—T
” | A

Example

Show that, for any square matrix A, A and A” have the same characteristic polyno-
mial.

(A= XD)T=AT — (AT = AT - \I
The characteristic polynomial of A = |A — M| = [(A — XI)T| = |AT — \I|.



Example

Let A be a nilpotent matrix. Show that A = 0 is the only eigenvalue of A. Show
that A = 0 is a legitimate eigenvalue.

A" =10l =0

Thus A = 0 is an eigenvalue. Show that there are no other eigenvalues.
Suppose A is another eigenvalue (A # 0). Then A\™ is an eigenvalue of A™. This
forces A =0 .. A =0.

Example

Let A be an idempotent matrix. Show that A =0, A = 1 are the only eigenvalues.
Since A is idempotent, it means that A%2 = A. Let A be an eigenvalue of A, then \?
is an eigenvalue of A% = A.

A=)\

M —X=0

AMA=1)=0
A=0 A=

Example

If 7 is an eigenvector of A with eigenvalue A and c is a scalar, show that ¢ is an
eigenvector of A — cI with corresponding eigenvalue A — c.

(A —cl)(V) = AU — (e)(V) =M —ctl = (A= )¥

Companion Matrix

Let p(z) = 2™ + ap_12™ ' + -+ a1x + ag. The companion matrix of p is defined by:

—Ap—1 —Ap—2 ... —A1 —Qp

1 0 .. 0 0

Cp)=| O 1 0 0
|0 0 1 0 |




Example

Find the companion matrix of p(z) = 2% — Tz + 12.

Clp) = H _01 2]

Now find the characteristic polynomial for C'(p):

C(p) — M| = ‘ _12'
— (AT = A) — 1(=12)
_ 7)\+12
= (=1)*p(N)

Example

Find the companion matrix of p(x) = 23 + 32* — 4z + 12.

-3

—_

4 12
Cpp=1]1 0 0
0 1 0
What is the characteristic polynomial for C'(p)? We find the characteristic polyno-
mial for C(p) by taking:

|C(p) — M| = —p(N)
= (=1)°p(X)

In general, if p(z) = 2" + a,_12" ' + - - - + a1z + ag, the characteristic polynomial of
C(p) = (=1)"p(A).

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvinQomgimanerd.tech
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