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Matrices

A matrix is a rectangular array of numbers. Example:
1 2
a=
i
2

2 3m
3 | (column matrix)

17
[1 1 0 1] (row matrix)

An m X n matrix has m rows and n columns.

~lw O

aiq a12 ... QA1p
921 A929 ... QA9p
A=
Am1 Am2 ... Qmnp
Columns of A are denoted as: a3, as,...,a,
Rows of A are denoted as: Ay, As, ..., A,.
Ay
L . As
A= [al a9 an} =1
Am

For any matrix A, a;; is the entry in row 7 and column j.
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Special Matrices

1. Square Matrix: A matrix with the same number of row and columns, an
n X n matrix.

2. Diagonal Matrix: A square matrix where every entry off the diagonal is 0.

1
0
0

o NN O
w o O

3. Scalar Matrix: A diagonal matrix where all entries on the diagonal are equal.

S O =
O = O
- O O

4. Identity Matrix: A square matrix where a; =1 for 1 <i<mnis 1.
10
m=lp

1 0
Is = |0 0
0 1

o = O

5. Zero Matrix: The matrix where all entries are 0.



Matrix Equality

In order for matricies A and B to be equal, the sizes of A and B must agree, and all
of the corresponding entries are equal.

5 0 2
A:_4 1 —2]
~[5 0 2
oy oz

r=4 y= z= -2
[5
BT =10 y
_2 z
BT +B
BT + A
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Addition of Matrices
A =la;] B = [bj]
If A and B have the same sizes, let S = A + B where:
Sij = a5 + byj
Additive Identity: Let 0,,x, (or 0) denote the zero matrix:
. A+0=A=0+A
2. A+ (-B)=A-B

Example
2 3
A:E,) ﬂ B=l|4 5
6 7



A + B is not defined in this case.

-1 4
o2
0 6
A+C—[5 7}

Scalar Multiplication

Let ¢ be a scalar and A be a matrix:

cA = [ca;j]

Example

3 2 3 6 9
4 5 12 15
Matrix Multiplication

Let A be an m X n matrix and B be an n X r matrix. A x B = P is an m X r matrix
derived from the following:

k=1
AxB=A [bl b b}} _ [Ab} Aby ... Ab,
A, A\B
Ay A,B
AxB=| | B= )
A A B



1=l
b= [—41 ﬂ
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Example

Consider the linear system:

20 =3y +52=7
—3r +4y — 6z =2

de+y—2=0
As a matrix equation:
2 =3 5 x 7
-3 4 —6| |yl =12
4 1 =1 |z 0
AZ=1b

Recall the “standard basis vectors” e; where there is a 1 in the ith place and 0’s
elsewhere. Let €; be the ith standard column vector and €; be the standard row
vector.

AG = d;

€ = A;

Power of Matrices

Let A be a square matrix, look at:
AP =AxAx.. . A

By convention:

A0 =
Al =A
Ak:Ak—lA



Example

Let:
ol
Then:
vl
A= 424 = B .
Al = A%A = [i b
=30

Proof by Induction:

e Base Case:

|

1
1

i

[BRE
b -E

11
11

|

20 20
20 20}

e Induction Step: Assume it is true for n, prove:
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AT = AmA
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Transpose of a Matrix

AT will denote the transpose of A. The row 7, column j entry of AT = aj;:

123
A:LBG]
1 4
AT =12 5
3 6

If A is not square: AT # A
Recall that the dot product « - v is equal to:

n
i=1

U1
Vg
= [Ul U ... Un] .
Un,
=uTy

Symmetric Matrices

A square matrix A is symmetric if A = AT, Example:

1ol . 1O
neo s el

[2T = I, therefore Iy is symmetric. I,, is also symmetric.

Properties of Matrices

Let A, B, C' be matrices of the same size. Let ¢, d be scalars.
1. A+B=B+A
2. (A+B)+C=A+(B+0C)
3. A+0=A



4. A+(-A)=0
5. ¢(A+ B) =cA+cB
6. (c+d)A=cA+dA
7. ¢(dA) = (cd)A
8. 1A=A4
Properties of matrix multiplication (k is a scalar):
1. A(BC)=(AB)C
2. ABB+C)=AB+ AC
3. (A+B)C=AC+ BC
A. k(AB) = (kA)B = A(kB)
5. IA=Al=A

Properties of transpose:

L (A" =

2. (A+B)T=AT + BT

3. (kA)T = k(A7)

4. (AB)T = BT AT

b (AMT = (A7)
Theorems:

1. If A is a square matrix, A + AT is symmetric.
2. For any matrix A, AAT and AT A are symmetric.
Extension:

Lo (A +Ag+ -+ AT =0 (A)T
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Example

0 1 1 0 11 w T
Let A; = [_1 O} Ay = [O J Az = [1 1]. Suppose [y z} € span(Aq, Az, As).

z

c1 A1 + cgAy + c3Ag = [Z) x}

Co + C3 c1+tc¢3 W o & C —w
—C1+¢C3 Co+cC3 - Yy z 2 3 -
Ci1+C3==x
—C1+c3=y
Co+C3 =2
0 1 1|w 100|z—=
1 0 1] 01 0|w-—2¥
— z+y
0 1 1]z 00 0 z—w

This describes the general form of all matrixes in the span.

Inverse of a Matrix

Assume A is a square matrix. If we try to solve A¥ = 5, we would like to cancel A
out. We want a matrix A’ such that A’A = AA" = 1.

A =1b
A'(AT) = A'b
(AAE = Ab

Ii=Ab

i=AT

When this A" does exist, we say A is invertible.
Theorem: If 4 is an invertible n x n matrix, then the system of linear equations
given by A7 = b has a unique solution.
Let A be a 2 X 2 matrix.
a b
=[]



Suppose ad — bc # 0, then A is invertible:
1 d —b
A =
ad — be {—C a }
1 d —b
~det(A) |[—¢ a

The inverse of a matrix is also denoted as A~!.

General Procedure for Finding A~!
[AL] = [I]A7]

By reducing a matrix to reduced row echelon form, it is possible to find the inverse
of A. This is possible when rank(A) < n.
Fact:

(AB)™'=pBtA™!

Properties of Invertible Matrices

Suppose A is invertible.

1. (A )y 1=4

2. (cA)y =141

3. (AB)"' =B 'A™!
4. (ANt =(ATH)"

B (AM)~h=(ATh)"

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvin@Qomgimanerd.tech
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