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Section 7.6

Exercise 2

Sketch the graph of the given function and determine its Laplace transform.

u(t —1) —u(t — 4)

[0]
[0]

L{u(t —1) —u(t —4)} = L{u(t — 1)} — L{u(t —4)}

—s —4s

Exercise 5

Express the given function using window and step functions and compute its Laplace transform.

0, O<t<l
2, 1<t<?2
g(t) =
1, 2<t<3
3, 3<t
O—
o0——0
o——O0

[0]

g(t) =0+ 2u(t — 1) — u(t — 2) + 2u(t — 3)
L{g(t)} =2L{u(t — 1)} — L{u(t —2)} + 2L{u(t — 3)}
2¢~8 6—23 26—33
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Exercise 6

Express the given function using window and step functions and compute its Laplace transform.

9(t) = t41, 2<t

(¢ + Du(t —2)

L{g(t)} = L{(t + Du(t - 2)}
— e Lt 1)+ 2)
=e *L{t+3}
e (L{t} +3L{1))
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Exercise 11

Determine an inverse Laplace transform of the given function.

Ly = o e ()
~ f(t—ayuft —a)
a=2
Fls) = —
it = ¢

flt —a)u(t —a) = e u(t — 2)

Exercise 12

Determine an inverse Laplace transform of the given function.

L = L e R ()
= f(t ~ ut ~ o)
a=3
F(s) = é



Exercise 13

Determine an inverse Laplace transform of the given function.

E_l{e 3e_45} _
ap = 2
1
Fls) = 5+ 2
S=e

= 2Dyt — 2)

CL224

(t — CLQ) (t — ag)

= e 2Nyt — 4)

—4s
) =l = 2) = 30 Su(t — 4)
S

—3L7Y

Exercise 14

Determine an inverse Laplace transform of the given function.

£ } L7He ™ F(s)}

249
= f(t — a)u(t —a)
a=3
1
Fo) =375
13
T 382+9

() = %sin(?)t)
flt—a)u(t —a) = %sin(?)(t —3))u(t —3)

L.
=3 sin(3t — 9)u(t — 3)



Exercise 17

Determine an inverse Laplace transform of the given function.

e 3%(s —5)

S Yy y ouy

b= L7 e " F(s)}
= [(t = a)u(t —a)

a=3
s—5
e
A B s—5

s+l 542 +DGE+2)
A(s+2)+B(s+1)=s—-5
Let:s=-2 B=T7
Let:s=—-1 A=-6

—6 7
F —
<S) s+1+3—|—2

ft) = L7HF(s)}
1, 1 1, 1
= —6e "+ Te ¥
f(t—a)u(t —a) = (=63 4 767203y (¢ — 3)
_ (_6eft+3 =+ 7672t+6)u(t _ 3)

Exercise 21

Solve the given initial value problem using the method of Laplace transforms. Sketch the graph of the

solution.

y' +y=u(t—3) y(0)=0 y'(0)=1

L{y" +y} = L{u(t - 3)}
s%Y (s) — sy(0) — /' (0) + Y (s) = ¢

—3s

s2Y(s) —1+Y(s) = ¢
s
—3s

Y(s)(s2+1)—1="

S

e—3s

Y(s)(s*+1) =

s !

e 3" 1
s(s2+1) +32+1
y(t) = L7H{Y (s)}

Y(s) =

e~ 38 1

52 +

= ﬁ_l{m} +L7Y

}



—3s

LY=L H{e ™ F(s)}

( +1)
a=3
1
Fls) = — —
(s) s(s2+1)
_é+Bs+C’
s s2+1

A(s*+1)+ (Bs+CO)s=1
(A+B)s*+Cs+A=1
A=1 A+B=0 C=0 B=-1

1 S
F =
(s s s241

)

f(t) =1 —cos(t)
)
)

f(t—a)u(t —a) = (1 —cos(t — 3))u(t — 3)
y(t) = (1 — cos(t — 3))u(t — 3) + sin(t)
= u(t —3) — cos(t — 3)u(t — 3) + sin(t)

Exercise 29

Solve the given initial value problem using the method of Laplace transforms. Sketch the graph of the
solution.

y' 4y =g(t) y(0)=1 y(0)=3
S

= sin(t) — sin(t)u(t — 2m)
L{y" + 4y} = L{g(t)}

—27s
PV (s) = sy(0) — ¢/ (0) +4Y () = o — S
s?Y(s) —s —3+4Y(s) = Lo
s24+1 s241
V()2 d) = — L g
s24+1 s24+1
1 e—27rs s+ 3

Y{s) = (s241)(s2+4) B (s24+1)(s2+4) + s2+4

partial fraction decomposition omitted for brevity

y(t) = _1{Y( )}

R gy Y

(s> +1)(s* +4)

1 1
332—|—1 35244

r! 1.,
(gt -t

sin(t) — ésin(Zt)

LY }

2
s2+4

}

1
3
1
3



e—27rs

[’_1{(52 +1)(s® + 4>} = L7 e ™ F(s)}
a =2
Fls) = ——

() = %sin(t) - ésin(%)
£t — a)u(t —a) = (% sin(t — 2r) — - sin(2t — 4m))u(t — 27)
ot ; 27) iy ; ) oot
71{ 5%+ 4} s+ 4}
— cos(2t) + gsin(%)
y(t) = ésin(t) - ésin(%) + M sin(t) — M in(2¢) + cos(21)
_ M sin(t) — w sin(2t) + cos(2t)

Section 7.9

Exercise 5

Evaluate the given integral:

/OO e’2t(5

0

/00 e’%d
0

Exercise 7

dt/f 5(t—1)

) dt = f(a)

Determine the Laplace transform of the given generalized function.

LL6(t—1) — 6(t — 3)} = £{6(t — 1)} — £{6(t — 3)}

Exercise 8

—e 5 _ e—3s

Determine the Laplace transform of the given generalized function.

L{36(t — 1)} = 3L{6(t — 1)}

=3¢ ?

3



Exercise 13
Solve the given symbolic initial value problem.
w'+w=46t—7) w0)=0 w(0)=0
L{w" +w} = L{o(t —7)}
s*W(s) — sw(0) — w'(0) + W(s) = e ™
W(s)(s*+1)=e ™

Wi(s) = 52_:91
wit) = £ (5
=L e ™F(s)}
F(s) = 52 :— 1

f(t) = L{F(s)} = sin(t)

w(t) = f(t —a)u(t —a) =sin(t — m)u(t — )

Exercise 15
Solve the given symbolic initial value problem.

v' +2y —3y=6(t—1)—0(t—2) y(0)=2 3(0)=-2
L{y" + 2y =3y} = L{o(t — 1) = 6(t — 2)}
sV (s) = sy(0) — y'(0) +2(sY (s) — y(0)) = 3Y (s) =e¢™* —e ™™
s?Y(s) —25+24+2sY(s) —4—3Y(s) =e 5 —e **
Y(s)(s* +25—3)—25s—2=¢ " —e **
e —e 2425+ 2

Y(s) =

s24+2s—3
= —s - o2 3 s » 1
ylt) = {(3—1—3)( 1)} {(s+3)( )}+2£ {(3+3)(s—1)}+2£ {(5+3)(s—1)}
partial fraction decomposition omitted for brevity
= - B e’ 1 ,.,,¢e*
e R Pl
_ (t—l)—ﬁu(t—l)
L
_1{(3—1—3)( 1)}_ _1{s+3}
:Tu(t—Q)— 1 u(t—2)
- 4e _ u(t —2)



S 1 1
o1 —1 —1
£ {(s+3)( 1)} 2 {s 1} £ {s }
G
2 2
1 1 1
2Lt —LY— =
G- — 28 =1 LS
e e—3t
2 2
et 1 e3—t et—2 _ 66_3t et Be—3t et e—3t
)= ut—1)— ————u(t—2) + — SN
t—1 _ 3—t t—2 63t
= %u(t —-1)— %u(t —2)+e fe

Exercise 16

Solve the given symbolic initial value problem.

y' =2y —3y=25(t—1)—56(t—3) y(0)=2 ¢ (0)=2
L{y" =2y — 3y} = L{26(t — 1) — 6(t — 3)}
s?Y (s) = sy(0) = /(0) — 2(sY(s) — y(0)) = 3Y (s) = 2¢™" — ™™
s2Y (s) =25 —2 —25Y(s) +4—3Y(s) =2 % —e 3
YV(s)(s®—25s—3) =2 " —e ¥ +25—2
¥(s) = 207 —e 3 425 — 2
(s—=3)(s+1)

e~® e 38 s 1

GGl o306+ (oD oLl
partial fraction decomposition omitted for brevity

Cle® le® le?® le* 31 11 11 1 1
_55—3_534—1_13—3+15+1+§3—3+25+1 55—3+§3+1

le 1 e 1e_35+1e_35+ 1 N 1
T 25—3 2541 2s—3 4s+1 s—3 s+1

y(t) = LY (s)}
33 ol -t 3t—9 o3t
= 5wt —1) = —-u(t = 1) = ——u(t =3) = ——u(t =3) ¥ e
Q33 _ o1t o393t
S P
5 u(t—1) 1

Y(s) =2

u(t —3)+e* +e

If you have any questions, comments, or concerns, please contact me at alvin@Qomgimanerd.tech



