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Section 4.4

Exercise 13

Find a particular solution to the differential equation.

y" —y' + 9y = 3sin(3t)
r—r+9=0
1+ /T 4(9)
2
1 /35

= -+ X
272

y, = Asin(3t) + B cos(3t)
y, = 3Acos(3t) — 3B sin(3t)
= —9Asin(3t) — 9B cos(3t)

r =

—9Asin(3t) — 9B cos(3t) — (3A cos(3t) — 3Bsin(3t)) + 9(Asin(3t) + B cos(3t)) = 3sin(3t)
—3A cos(3t) — 3Bsin(3t) = 3sin(3t)
—-3A=0 —-3B=3
A=0 B=-1
Yy, = cos(3t)

Exercise 16

Find a particular solution to the differential equation.

0"(t) — 6(t) = tsin(t)
2 —r=r(r—1)=0
r=0 r=1
yp = (At + B) cos(t) + (Ct + D) sin(t)
= (At + B)(—sin(t)) + Acos(t) + (Ct + D) cos(t) 4+ C'sin(¢)
= (At + B)( cos(t)) — Asin(t) — Asin(t) + (Ct + D)(—sin(t)) + C cos(t) + C cos(t)
= (2C — B)cos(t) — (2A+ Ct + D) sin(t)

(2C — At — B) cos(t) — (2A + Ct + D) sin(t) — ((At + B) cos(t) + (Ct + D) sin(t)) =0
(2C — 2B) cos(t) + (—2A)t cos(t) + (—2A — 2D) sin(t) + (—2C)tsin(t) = tsin(t)
20-2B=0 —-2A=0 —-2A-2D=0 -2C=1
1 1

A=0 B=——- C=—- D=0
2 2

1 1
=5 cos(t) — §t sin(t)



Exercise 17
Find a particular solution to the differential equation.
Y + 4y = 8sin(2t)
P +4=0
r=0%2i
yp, = Atsin(2t) + Bt cos(2t)
y, = 2At cos(2t) + Asin(2t) — 2Btsin(2t) + B cos(2t)
= (2At + B) cos(2t) + (—2Bt + A) sin(2t)
y, = (2At + B)(—2sin(2t)) + 2A cos(2t) 4+ (—2Bt + A)(2cos(2t)) — 2B sin(2t)
= (—4At — 4B)sin(2t) + (—4Bt + 4A) cos(2t)
8sin(2t) = (—4At — 4B)sin(2t) + (—4Bt + 4A) cos(2t) + 4(At sin(2t) + Bt cos(2t))
= (—4B)sin(2t) + (4A) cos(2t)
—4B=8 4A=0
B=-2 A=0
yp, = —2t cos(2t)

Section 4.5

Exercise 1

th . .
Given that y;(t) = cos(t) is a solution to y” —y'+y = sin(¢) and y»(t) = e 3 is a solution to y’" —y'+y = *
use the superposition principle to find solutions to the following differential equations.

1. " —y' +y = 5sin(t)
y" —y' +y = 5sin(t)
y = 5y1(t) + Oys(t) = 5cos(t)
2. y" —y 4y =sin(t) — 3e*
y' —y +y=sin(t) — 3e*
y = 1yi(t) — 3ya2(t) = cos(t) — 3e3

3.y —y +y=4sin(t) + 18e*
y' —y+y=4sin(t) + 18e*
y = 4y, (t) + 18ys(t) = 4 cos(t) + 18e

Exercise 5
A nonhomogeneous equation and a particular solution are given. Find a general solution for the equation.
0" —0 —20=1—-2t 0,(t)=t—1
P —r—2=(r—-2)(r+1)=0
r=2 r=-—1
Qh(t) = Cle2t + Cge_t
0(t) = On(t) + 0,(1)
= cleZt +eetHt—1

3



Exercise 7

A nonhomogeneous equation and a particular solution are given. Find a general solution for the equation.

y' =2y +2tan®(x) y,(r) = tan(z)
y' — 2y = 2tan®(2)
P —2=0 r=4V2
yn(z) = creV? 4 cpeVE
y(x) = yn(x) + yp(2)
= cle\/ix + CQQ_\/EI + tan(x)

Exercise 17

Find a general solution to the given differential equation.

y' =2y —3y=3t2-5
P —2r—3=(r-3)(r+1)=0
r=3 r=-—1
Yp = cle3t + cze_t
yp = At> + Bt + C
y, = 2At + B
y, = 24
2A —2(2At+ B) = 3(A* + Bt + C) = 3t* — 5
—3At* + (—4A - 3B)t+ (2A—2B - 3C) =3t* -5
—3A=3 —4A-3B=0 24-2B-3C=-5

4 1
A=—-1 B=- (C=-=-
3 9
= eyl
Y= 3' 79
Y=Y+ Y
4 1
3t —t 2
= 2 Tt =
c1e” + coe +3 +9



Exercise 19

Find a general solution to the given differential equation.

y'(z) — 3y'(x) + 2y(x) = " sin(x)
P —3r+2=0r—-2)(r-1)=0
r=2 r=1
yp = 1627 + c9e”
yp, = Ae”sin(x) + Be” cos(z)
y, = Ae” cos(x) + Ae®sin(z) — Be" sin(x) 4+ Be” cos(x)
= (Ae” + Be®) cos(x) + (Ae® — Be®) sin(x)
y, = (Ae” + Be®)(—sin(x)) + (Ae® + Be®) cos(z)+
(Ae” — Be®) cos(z) + (Ae® — Be”) sin(x)
= —2Be” sin(z) + 2Ae” cos(x)
e”sin(x) = —2Be” sin(z) + 2Ae” cos(z)—
3((Ae” + Be®) cos(z) + (Ae” — Be®) sin(z))+
2(Ae” sin(z) + Be” cos(x))
sin(z) = (—2B + 3B — 3A + 2A)sin(z) + (2A — 3A — 3B + 2B) cos(z)
B-A=1 —-A-B=0

1 1
2 T2
1, . 1,
Y, = ——e”sin(z) + e’ cos(x)
2 2
Y =1uyn+ Yp
= c1e¥ + cpe” — §ez sin(x) + §ex cos(x)



Exercise 25

Find the solution to the initial value problem.

Z(x)+ 2(x) =27 2(0)=0 2Z'(0)=0

r?4+1=0
r=0%1
zn(1) = €% | ¢y cos(1x) + ¢y sin(1x)

= ¢y cos(x) + o sin(x)
Zp(x) =€ "
2(x) = zp(z) + zp(x)

= ¢y cos(x) + cosin(x) + e
2(0) = 0 = ¢ cos(0) + ¢y sin(0) + €°

c=—1
2 (z) = —cysin(z) + g cos(z) — e
2'(0) = 0 = —c; sin(0) + ¢y cos(0) — €°
=1

z(x) = —cos(x) +sin(x) +e*



Exercise 29

Find the solution to the initial value problem.

y"(0) —y(0) =sind —e* y(0) =1 y'(0)= -1

r?—1=0

r ==l
yn(0) = c1e? + cpe™?

0) = Asin + Bcosf + Ce*
0) = Acos — Bsinf + 2Ce*

yn(0) = —Asinf — Bcosf + 4Ce*
sinf —e* = —Asinf — Bcosf + 4Ce* — (Asinf + B cosf + Ce?)
sinf — e* = (—2A)sinf + (—2B) cos § + (3C)e*

—2A=1 —-2B=0 3C=-1

=
—~

1 1
A=—- B=0 C=—-
2 3
1 1
yp(0) = —3 sinf — 5629
y(0) = yn(0) + yp(9)
sinf e
= c1e’ + ce? — 5 T 3
sin(0)  €°
0)=1=c1e® +coe® — .
y(0) cie’ + cpe 5 3
1
1261+02—§
cosf  2e%
y'(0) = cre? — e’ — 5 T3
0 2¢°
HO) = 1 — re — o0 €080 2¢
y'(0) cre’ — coe 5 3
1 1 2
1= =573
3 7
71 2T

If you have any questions, comments, or concerns, please contact me at alvin@omgimanerd.tech



