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Separable Equations

Consider: 4
Yy _
1 = PWe(@)
In this case, we can rewrite it as:
dy
— =g¢g(z) dz
p(y) @)

If we let h(y) = @:

h(y) dy = g(z) dz

/h(y) dy = /g(:v) da

H(y) =G(z)+c¢

This yields an implicit solution. Separable equations can be linear or non-linear.

Example

Solve the following;:

—2 = 8™

dx



dy

7 — 8yde %
1 e
d

—;J = 8z% da
e~ <Y

e dy = 8% dx

/e2y dy:/8x3 dx
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iezy 4+ =22 + ¢
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Ze2y — 9t
2e r +c

We can also solve this explicitly:

12y 4
Ze2v —9
26 T +c

In(e*) = In(4z* + ¢)
2y = In(42* + ¢)

In(4z* + ¢)
2

Example

Solve the following initial value problem:

L= (1) tan(a) y(0) = VB

This is a non-linear separable equation.

% = (1 + ¢?) tan(z)
dy
77 tan(z) dz

dy
/1+y2 —/tan(x) dz

tan"'(y) = In |sec(z)| + ¢



Using our initial value y(0) = v/3:

tan~'(v/3) = In|sec(0)| + ¢
tan"3(v/3) = In|1| + ¢
tan"' (V/3) =

We can now solve explicitly for y:

tan~!(y) = In | sec(z)| + g
tan(tan™' (y)) = tan (ln [sec(z)] + %)
y = tan (ln |sec(x)| + g)

Example

Solve the following initial value problem over [0, 00):

Vyder+(1+2)dy=0 y(0)=1

Vyde+(1+z)dy=0
(1+2z)dy=—yde

dy 1
o VT
dy dx
Vi o 1+
1 dI
3 qy— —
Jota=- [
2y%2—1n|1+x|—|—c
Using our initial value y(0) = 1:
2=—In|l|+c¢
c=2



We can now solve explicitly for y:

2,/y=2—In|1+ 2
2—In|l+ z|

vi=—
C[2-Im1+2]]?
B 2
Example

Solve the initial value problem:
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Using our initial value y(1) = 1:

- ke™1
1
k=e
We can now solve explicitly for y:
ke =
y =
x
el=z
y =
x
Example
Solve the initial value problem:
1 dy ysiné
b 21 V!
1 dy ysind
6 do 241
dy : y
—~ = (fsinf
ag ~ Um0 )
y +1
dy = 0sin6 db

y
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/y +1dy:/05in0d0
y

2
%4_111‘3/’ +ec= —90039—/(—0086 de)

= —f0cosf +sinf + ¢
Using our initial value y(7) = 1:
= —mcos(m) + sin(m) + ¢

=-—m(—1)+c

N — Do —

c=—-—T
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We can now solve explicitly for y:

2

1
% +1In|y| = —0cos @ + sinf + (5 — )



First Order Linear Equations

General form:

Let’s consider:

Integrating both sides:

Ty = 3 +c
_r ¢
y= 3 €T
Standard Form
Consider:
() 4 ag(z)y = g(a)
ay Az o\Z)Yy =g

Write it in standard form:

Let P(z) = () 4nd Qx) = 9(@) .

ai(z) ai(z)’

L4 Ple)y = Q)

This is a first order linear equation in standard form. In order to solve this, we need
to determine a standard function of x called p. We multiply the equation by pu:



We require that that u/'(z) = p(z)P(x). To find this function pu:

o
5o
In | (z) :/P(x) du + ¢
c=0
Jnlil _ of Pla) do
()| = ef ) 4

This is called an integrating factor. From this, we can determine that:

d

.a@wﬂamwm

[ wtaw| = [uorew

mmyz/nwmwwm

1
= —— | u(x)Q(x dx}
v s uoew
,u(x) _ efP(a:) dz
Example
dy B
=0

This is a first order linear equation already in standard form. It is also separable,
but we will solve using the method for first order linear equations.

1. Identify P(z):
Plz)=-3 Q(x)=6

2. Find p(z):
M((E) _ eff?) de _ =3z



3. Multiply the given equation by p(x):

d
ef3x_y _ 3673:py — 66733:
dzx

d
e |:e3xy] — 66731'

dx
/—d[e_‘%y} dr = /6e_3m dx
dx

1
e 3y =6(—=e ) +c

3
= 2% 4 ¢
y=—24Ce*
Example
d
$T3yv — 4y = 25"
1. Write it in standard form:
dy 4 5ex
— ——y ==z
dz xy
2. Identify P(x):
—4
P(z) = —
3. Find u(x):
/L(QZ') _ ef% dez _ e—41n|a:| _ elnzi4 _ =

xrd

1 dy 4 .
e
df1 i

1
jy:/zezdmzxez—/exdx:$ex—ex+c
T

y = z°e” — zle” + Ca?



Example

Solve the following over (0, co):

dy 5. cos(z)
dy cos(z) 9
dy 3 cos(x)
Sy = ~3
de = a3 v
3
Plz) ="~
() =>
/'L(x) _ ef% de _ e3ln(ac) _ eln(a:3) — 3
d
x3Ti + 32%y = cos(x) + 3x*
4 23y | = cos(x) + 3x*
dz
/—d 2y| do = /COS(ZL‘) + 32 dz
dz
3 5
r3y = sin(z) + % +c
_sin(z) 32 ¢
V= 5 = a3
Example
Solve the following initial value problem over (-7, 5) given y(0) = 2:
d
cos(a:)TgyC +sin(z)y =1
d i 1
dy sin(x) y—
dz  cos(x) cos(x)
d
Ti + tan(x)y = sec(x)
M(I,) _ efP(a:) dez _ eftan(a:) de _ e1n|sec(ac)| _ sec(:p)
d
sec(:p)Ty + sec(z) tan(x)y = sec?(z)
x
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% {sec@)y] = sec?(z)

/ %{sec(m)y} dr — / sec(z) dz

Using our initial value:

tan(z

sec(z)y = tan(z) + ¢
v sec(z) + sec(x)
= sin(z) + ccos(x)

y = sin(z) + ccos(z)

2 = sin(0) 4 ccos(0)
=0+c

c=2

y = sin(z) + 2 cos(x)
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Substitutions and Transformations

Consider:

d
2+ Px)y = Qx)y"

where n is any real number. This is called a Bernoulli Equation. We use the
substitution v = '~ to transform the equation into a new variable:

dv _, dy
el Sl A po

This gives a linear equation in v:

n

dy 1 dv
dx—l—ny dx

We divide the equation by y™:

., dy _
n_—dJd P ny _
y g, TP@yy™) = Q)
We can now substitute for %:
1 n dv -n 1-n __
=Y ! + P(z)y " = Q(z)
1 dv
= e (z)v = Q)
dv
= + (I =n)P(x)v =(1—-n)Q(x)

Using this substitution allows us to change our equation into a first-order linear
equation in standard form, which we can now solve.
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Example

Solve the following over (0, co):

dy 'y 5,
dx+x_x
d 1
—y+—y:x2y2
dr =«
U:yl_szl
dv 5, dy
dz 4 dz
dy__de
dr 4 dz
1 dy 1 9.9
yz(dx+xy_xy
dy 1
2 4y L2y 2
1, Ty =a
dv 1
2 2 dv s
Yy (~y dx)+xy T
dv+1 9
-+ -—v=x
dr =«
dv 1 9
e
dx =z
dv 1 9
P
z
1 do 1
L u=—7
z dz x2
d |1
/—[—v}dx——/xdx
dz |z
1 ac2+
T 2
V= 5 cx
1 x3+
—=——+4cz
y 2



Example

Solve the following initial value problem given y(1) = 1:

:132g — 2zy = 3y!
dx
dy 2 3y
v 2T 2
n=4 v=y"t=y
dv _, dy
o Y a
dy 1, dv
A 37 @
1/ dy 1, dv
E(E 37 E)
d 2 3
y_4Ti/: — ) =

37 dx T 2
1 dv 2 B 3
3 dz SCU g2
dv 6 9
- —_) = ——
dz =z 2
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This equation is now a first order linear equation in v.

dv 6 _ 9
de = 22
) =el =

dv  6x°

6 4V O g4
dx v o
d
W [:L‘ﬁv} = —9g?

6
o do _ e61n\33| _ eln|z

9
6 5
=——2°+
x v FTte
9 c
v=——+4 —
br = ab
r 9 c
y>  bx  ab
Using our initial value:
r 9 c
Y3 bx  ab
L9 n &
13 5 16
14
c=—
bt
I 91 141
y3  Sx 5 ab
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Exact Equations

Consider:

z=flzy) vs y=[f(z)
z = f(x,y) is a surface in 3D, while y = f(z) is a curve in 2D. Recall that when
differentiating y = f(z), % = f'(z) and dy = f'(z) dz. To differentiate z = f(x,y)
we need to find partial derivatives. These are computed by treating y or x as a
constant and taking the derivative with respect to other variable.

x = f(z,y) = 2°y" — 227y’

0

fo= af = 32%y* — 62y’

fy = ggjj = 423% — 102%y*
o*f

fay = g0 = 122%y% — 302%y*
O f

fue = Gugm = 122%y° — 3027y

We can also integrate f(z,y) with respect to x or with respect to y.

3
/xy3dy:x/y2dy:%+c

dy tells us the variable of integration, with x being constant with respect to .

2 9
/ng dx:$2y +c

dx tells us the variable of integration, with y being constant with respect to x.
Consider again z = f(z,y), the total differential is:
of of 4

d de + —
°T o +8y

This is a first order equation. This equation is called an exact equation if:

o[of]  o[of
1) = 7 ]
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We can write this as:
M(z,y) dz + N(z,y) dy =0

where M = % and N = %. We want to find f(z,y) = ¢, geometrically represented
x Y
as a level curve, or a slice of the curve z = f(z,y). Initially:

flz,y) = /M(fﬂ,y) dz + h(y)

We need to find h(y) by differentiating with respect to y:

(%[/M(ﬂf,y) dy] = h'(y)
/h’(y) dy = h(y) +c

f(z,y) Z/M@ﬁ,y) dz +h(y) +¢=0

Example
Solve the initial value problem given y(1) = 1:
(2%y°) da + (¢y*) dy = 0
M(z,y) =2y’ N(z,y) =2y’
oM ON
9 _g.2,2 9 _g.202
oy oy ox vy

From this, we can determine that it is an exact equation.

flz,y) = /x2y3 dz + h(y)

x3y3
==L 4+h
5 Hhl)
0 :
a—f =2’y + W (y) = N(z,y) = 2’y
y
h(y) =0
hy) =k
3,3
f(wvy)ZCZ%va
3,3
a2y
3
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Using our initial value:

3,3
1)(1
<>3<>:C
xSyS_l

3 3

Example

(e* — ycos(zy)) dz + (2ze* — x cos(zy) + 2y) dy =0
M(z,y) = e* —ycos(xy) N(x,y) = 2xe* — zcos(zy) + 2y

08_]\; = 2e* — (cos(zy) + y(—sin(zy)x))
= 2e* — cos(zy) + rysin(zy)
86_];7 = 2e* — (cos(zy) + x(— sin(zy))y)

= 2e* — cos(zy) + xysin(zy)

f(z,y) I/M(x,y)Jrh(y)
= /(e2y —ycos(zy)) dx + h(y)

= 2% — (y + sin(my)é) + h(y)

= ze®¥ — sin(zy) + h(y)

g—g = 2xe® — cos(zy)x + W' (y) = N(x,y)
W(y) =2y
h(y) =y* + ¢
 flw,y) = 20 — sin(ay) + §* +

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvinQomgimanerd.tech
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