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Section 16.3

Exercise 3

Determine whether or not F is a conservative vector field. If it is, find a function f such that F = Of .

F (x, y) = (xy + y2)̂i+ (x2 + 2y)ĵ

F (x, y) = P î+Qĵ

∂P

∂y
= x+ 2y

∂Q

∂x
= 2x

∂P

∂y
6= ∂Q

∂x

Exercise 5

Determine whether or not F is a conservative vector field. If it is, find a function f such that F = Of .

F (x, y) = y2exy î+ (1 + xy)exy ĵ

F (x, y) = P î+Qĵ

∂P

∂y
= 2yexy + xy2exy

∂Q

∂x
= yexy + (1 + xy)yexy

= 2yexy + xy2exy∫
y2exy = yexy + h(y)

(1 + xy)exy + h′(y) = (1 + xy)exy

h′(y) = 0

h(y) = c

f(x, y) = yexy + c
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Exercise 13

Find a function f such that F = Of and use it to evaluate
∫
C
F · dr along the given curve C.

F (x, y) = x2y3î+ x3y2ĵ C :
−−→
r(t) = 〈t3 − 2t, t3 + 2t〉 0 ≤ t ≤ 1

f(x, y) =
1

3
x3y3 + c

−−→
r(0) = 〈0, 0〉
−−→
r(1) = 〈−1, 3〉∫

C

F dr = f(−1, 3)− f(0, 0)

=
1

3
(−1)3(3)3 − 0

= −9

Exercise 17

Find a function f such that F = Of and use it to evaluate
∫
C
F · dr along the given curve C.

F (x, y, z) = yzexz î+ exz ĵ + xyexzk̂

C : ~r(t) = (t2 + 1)̂i+ (t2 − 1)ĵ + (t2 − 2t)k̂ 0 ≤ t ≤ 2

fx = yzexz

fy = exz

fz = xyexz

f =

∫
fx dx

=

∫
yzexz dx

= yz
exz

z
+ h(y, z)

fy = yzexz = yzexz + hy(y, z)

hy(y, z) = 0

h(y, z) = g(z)

fz = xyexz + g′(z) = xyexz

g′(z) = 0

g(z) = h(y, z) = c

f(x, y) = yexz + c
−−→
r(0) = 〈1,−1, 0〉
−−→
r(2) = 〈5, 3, 0〉∫

C

F · dr = f(5, 3, 0)− f(1,−1, 0)

= 3e(5)(0) − (−1)e(1)(0)

= 3 + 1

= 4
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Exercise 21

Suppose you’re asked to determine the curve that requires the least work for a force field F to move a
particle from one point to another point. You decide to check first whether F is conservative, and indeed
turns out that it is. How would you reply to the request?

Because F is conservative, the path taken to F does not matter since
∫
C
F · dr is f(

−−→
r(b)) − f(

−−→
r(a))

and only the endpoints a and b of the curve matter.

Exercise 23

Find the work done by the force field F in moving an object from P to Q.

F (x, y) = x3î+ y3ĵ P (1, 0), Q(2, 2)

fx = x3

fy = y3

f(x, y) =

∫
fx dx

=

∫
x3 dx

=
1

4
x4 + h(y)

fy(x, y) = h′(y) = y3

h(y) =

∫
y3 dy

=
1

4
y4 + c

f(x, y) =
1

4
x4 + (

1

4
y4 + c)

W =

∫
f · dr

= f(2, 2)− f(1, 1)

=
1

4
(32)− 1

4
(1)

=
31

4

Exercise 31

Determine whether or not the given set is open, connected, and/or simply connected.

{(x, y) | 0 < y < 3}

This defines all points within the square from (0,0) to (3,3) but excluding the boundary of the square.
This region is open since it does not include those boundary points. The set is connected since all points
in the set can be joined by a path entirely composed of points into the set.

Exercise 33

Determine whether or not the given set is open, connected, and/or simply connected.

{(x, y) | 1 ≤ x2 + y2 ≤ 4 y ≥ 0}
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This defines the area between the semicircles above the x-axis with radius 1 and 2. This set is not an open
set because it contains its boundary points. It is a connected set since all points can be joined with a path
inside the set.

Section 16.6

Exercise 2

Determine whether the points P and Q lie on the given surface.

−−−−→
r(u, v) = 〈1 + u− v, u+ v2, u2 − v2〉 P (1, 2, 1), Q(2, 3, 3)

1 + u− v = 1

u+ v2 = 2

u2 − v2 = 1

1 + u− v − (u+ v2) = 1− 2

v2 + v − 2 = 0

(v + 2)(v − 1) = 0

v = −2 v = 1

u = −2 u = 1

u2 − v2 6= 1

The point P does not lie on the surface.

1 + u− v = 2

u+ v2 = 3

u2 − v2 = 3

1 + u− v − (u+ v2) = 2− 3

v2 + v − 2 = 0

v = −2 v = 1

u = −1 u = 2

u2 − v2 = 1

The point Q lies on the surface.

Exercise 19

Find a parametric representation for the plane through the origin that contains the vectors î− ĵ and ĵ− k̂.

−−−−→
r(u, v) = ~p+ (̂i− ĵ)u+ (ĵ − k̂)v

= uî− uĵ + vĵ − vk̂
= uî+ (v − u)ĵ − vk̂

x = u y = v − u z = −v
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Exercise 33

Find an equation of the tangent plane to the given parametric surface at the specified point.

x = u+ v y = 3u2 z = u− v (2, 3, 0)

u+ v = 2

3u2 = 3

u− v = 0

u = ±1

v = 1

u = v = 1
−−−−→
r(u, v) = (u+ v)̂i+ 3u2ĵ + (u− v)k̂

~ru = î+ 6uĵ + k̂

~rv = î− k̂
~n = ~ru × ~rv

=

∣∣∣∣∣∣
î ĵ k̂
1 6u 1
1 0 −1

∣∣∣∣∣∣
= −6uî+ 2ĵ +−6uk̂

0 = (〈x, y, z〉 − P ) · ~n
= (x− 2)(−6(1)) + (y − 3)(2) + (z − 0)(−6(1))

= −6x+ 12 + 2y − 6− 6z

6x− 2y + 6z = 6

3x− y + 3z = 3

Exercise 39

Find the area of the part of the plane 3x+ 2y + z = 6 that lies in the first octant.

z = 6− 3x− 2y

∂z

∂x
= −3

∂z

∂y
= −2
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A(S) =

∫∫
D

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2 dA

=

∫∫
D

√
1 + 9 + 4 dA

=
√

14

∫∫
D

dA

=
√

14

∫ 2

0

∫ 3− 3x
2

0

dy dx

=
√

14

∫ 2

0

3− 3x

2
dx

=
√

14

[
3x− 3x2

4

]2
0

= 3
√

14

Exercise 45

Find the area of the part of the surface z = xy that lies within the cylinder x2 + y2 = 1.

z = xy

∂z

∂x
= y

∂z

∂y
= x

A(S) =

∫∫
D

√
1 + y2 + x2 dA

=

∫ 1

−1

∫ √1−x2
−
√
1−x2

√
1 + y2 + x2 dy dx

=

∫ 2π

0

∫ 1

0

√
1 + r2r dr dθ

=

∫ 2π

0

[
1

3
(1 + r2)

3
2

]1
0

dθ

=
1

3

∫ 2π

0

2
√

2− 1 dθ

=
2
√

2− 1

3

[
θ

]2π
0

=
2π(2
√

2− 1)

3

Section 16.7

Exercise 5

Evaluate the surface integral. ∫∫
S

(x+ y + z) dS
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S is the parallelogram with parametric equations x = u+v, y = u−v, z = 1+2u+v, 0 ≤ u ≤ 2, 0 ≤ v ≤ 1.

−−−−→
r(u, v) = (u+ v)̂i+ (u− v)ĵ + (1 + 2u+ v)k̂

~ru = î+ ĵ + 2k̂

~rv = î− ĵ + k̂∫∫
S

(x+ y + z) dS =

∫∫
D

f(
−−−−→
r(u, v))|~ru × ~rv| dA

=

∫ 2

0

∫ 1

0

(4u+ 1 + v)|~ru × ~rv| dv du

=
√

14

∫ 2

0

[
4uv + v +

v2

2

]1
0

du

=
√

14

∫ 2

0

4u+ 1 +
1

2
du

=
√

14

[
4u2

2
+ u+

u

2

]1
0

=
√

14(8 + 3− (0 + 0))

= 11
√

14

Exercise 11

Evaluate the surface integral. ∫∫
S

x dS

S is the triangular region with vertices (1, 0, 0), (0,−2, 0), (0, 0, 4).

x

1
+

y

−2
+
z

4
= 1

4x− 2y + z = 4

z = 4− 4x+ 2y

∂z

∂x
= −4

∂z

∂y
= 2
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∫∫
S

x dS =

∫∫
D

f(x, y, z)

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2 dA

=

∫∫
D

√
1 + 16 + 4x dA

=
√

21

∫ 1

0

∫ 0

2x−2
x dy dx

=
√

21

∫ 1

0

[
xy

]0
2x−2

dx

=
√

21

∫ 1

0

−2x2 + 2x dx

=
√

21

[
2x2

2
− 2x3

3

]1
0

=
√

21

(
2

2
− 2

3

)
=

√
21

3

Exercise 15

Evaluate the surface integral. ∫∫
S

x dS

S is the surface y = x2 + 4z, 0 ≤ x ≤ 1, 0 ≤ z ≤ 1.

∂y

∂x
= 2x

∂y

∂z
= 4∫∫

S

x dS =

∫∫
D

x
√

1 + 16 + 4x2 dx dz

=

∫ 1

0

∫ 1

0

x
√

17 + 4x2 dx dz

=

∫ 1

0

[
1

12
(4x2 + 17)

3
2

]1
0

dz

=

∫ 1

0

1

12
(21

3
2 − 17

3
2 ) dz

=
21

3
2 − 17

3
2

12

Exercise 17

Evaluate the surface integral. ∫∫
S

(x2z + y2z) dS
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S is the hemisphere x2 + y2 + z2 = 4, z ≥ 0.

x2 + y2 + z2 = 4 ≡ ρ = 2

x = 2 sinφ cos θ

y = 2 sinφ sin θ

z = 2 cosφ

~rφ = 2 cosφ cos θî+ 2 cosφ cos θĵ − 2 sinφk̂

~rφ = 2 sinφ sin θî+ 2 sinφ cos θĵ + 0k̂

|~rφ × ~rθ| =

∣∣∣∣∣∣
∣∣∣∣∣∣

î ĵ k̂
2 cosφ cos θ 2 cosφ sin θ −2 sinφ
−2 sinφ sin θ 2 sinφ cos θ 0

∣∣∣∣∣∣
∣∣∣∣∣∣

= 4 sinφ∫∫
S

(x2x+ y2z) dS =

∫ π
2

0

∫ 2π

0

(8 sin2 φ cosφ cos2 θ + 8 sin2 φ cosφ sin2 θ)(4 sinφ) dθ dφ

=

∫ π
2

0

∫ 2π

0

32 sin3 φ cos θ dφ dθ

= 32

∫ 2π

0

dθ

∫ π
2

0

sin3 θφ cos θ dθ

= 32(2π)(
1

4
)

= 16π

Exercise 19

Evaluate the surface integral. ∫∫
S

xz dS

S is the boundary of the region enclosed by the cylinder y2 + z2 = 9 and the planes x = 0 and x+ y = 5.

S1 : y2 + z2 = 9
−−−−→
r(x, θ) = xî+ 3 cos θĵ + 3 sin θk̂

~rx = î

~rθ = −3 sin θĵ + 3 cos θk̂

|~rx × ~rθ| =

∣∣∣∣∣∣
∣∣∣∣∣∣
î ĵ k̂
1 0 0
0 −3 sin θ 3 cos θ

∣∣∣∣∣∣
∣∣∣∣∣∣

=
√

(−3 cos θ)2 + (−3 sin θ)2

= 3∫∫
S1

xz dS =

∫ 2π

0

∫ 5−3 cos θ

0

x(3 sin θ)(3) dx dθ

=

∫ 2π

0

[
1

2
9x2 sin θ

]5−3 cos θ
0

dθ

= 0
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S2 : x = 0∫∫
S2

xz dS =

∫∫
S2

0 dS

= 0

S3 : x+ y = 5

z = 0∫∫
D

xz dS = 0

∫∫
S

xz dS = 0 + 0 + 0 = 0

Exercise 23

Evaluate the surface integral
∫∫

S
F · dS for the given vector field F and the oriented surface S. In other

words, find the flux of F across S. For closed surfaces, use the positive (outward) orientation.

F (x, y, z) = xyî+ yzĵ + zxk̂

S is the part of paraboloid z = 4−x2− y2 that lies above the square 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 and has upward
orientation.

F = P î+Qĵ +Rk̂

= xyî+ yzĵ + xzk̂

z = g(x, y) = 4− x2 − y2

∂g

∂x
= −2x

∂g

∂y
= −2y
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∫∫
S

F · dS =

∫∫
D

(
−P ∂g

∂x
−Q∂g

∂y
+R

)
dA

=

∫∫
D

−(xy)(−2x)− (yz)(−2y) + xz dA

=

∫ 1

0

∫ 1

0

2x2y + 2y2z + xz dy dx

=

∫ 1

0

∫ 1

0

2x2y + 2y2(4− x2 − y2) + x(4− x2 − y2) dy dx

=

∫ 1

0

∫ 1

0

2x2y + 8y2 − 2x2y2 − 2y4 + 4x− x3 − xy2 dy dx

=

∫ 1

0

[
2x2y

2
+

8y3

3
− 2x2y3

3
− 2y5

5
+ 4xy − x3y − xy3

3

]1
0

dx

=

∫ 1

0

x2 +
8

3
− 2x2

3
− 2

5
+ 4x− x3 − x

3
dx

=

∫ 1

0

−x3 +
x2

3
+

11x

3
+

34

15
dx

=

[
− x4

4
+
x3

9
+

11x2

6
+

34x

15

]1
0

= −1

4
+

1

9
+

11

6
+

34

15
≈ 3.96111

If you have any questions, comments, or concerns, please contact me at alvin@omgimanerd.tech
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