Multivariable and Vector Calculus

Alvin Lin
August 2017 - December 2017

Double Integrals

Find the volume of a solid under z = f(z,y) where:
(r,y)e D a<x<b l(zr)<y<u(x) f(r,y)>0for f(z,y) €D

y axis

A

y=l(z)

> X axis

a b
D C R =a,b] x [c,d]

V ~ |R|- f(zo,%), (z0,%0) € D

This approximation is not very good. If we divide the region bounded by [a, b] and
[c,d] into n and m equal parts to form R;;:

V & ZZ | Rijl f (s, Yij)

i=1 i=1
This is the equivalent of a two dimensional Riemann sum.
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Theorem

If 2 = f(z,y) is continuous for (z,y) € D, y = l(z),y = u(x) are continuous for
a < x < b then there exists:

o Bl

which does not depend on the choice of points (x;;,y;;) € R;;. This limit is called
the double integral of f(z,y) on D and is equal to:

J[ tamas= [ [ l(:f)fm,y) dy] da

Example

Find the volume of a solid under z = 42,0 < x < 4,0 < y < 2. Give the approxima-
tion of V' when we divide [a, b] into 4 parts and [c, d] into 2 parts, picking points in
the middle for our Riemann sum.

y axis

AN

(0.5,1.5) | (1.5,1.5) | (25,1.5) | (3.5,1.5)

(0.5,05) | (1.5,0.5) | (2.5,0.5) | (3.5,0.5)

> X axis
If we pick the center of each region (marked in red) as the approximation point:
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To find the exact volume:
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Example

Find the volume of the solid in the first octant bounded by 2x + y + z = 4.
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Example

Find the volume of the solid bounded by x = z,y =z, +y =2,z = 0.
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Example

Find the volume of the solid bounded by z = 3y, 2 = 2 +y,y = 2.
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Example

Evaluate:

Jacobian of Transformation

It is possible to simplify a problem by translating it between coordinate axes.
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A(w,y) : :
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O(u,v)
Theorem

If 7 is a one to one transformation of region D in the xy-plane and region A in the
u, v coordinate plane, then

CT — z(u,v),y(u,v)

coordinates:

du dv

//D fla,y) dA = / /A F o), y(, 0)) 2EY)

0(u,v)

Or Ox Oy Ou

P du’ dv? du’ v

//D fla,y) dA = //A f(rcos@,rsin@)r dr dd
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are all continuous. In the specific case of polar



rcos@ rsinf
R(z,y) =< , >

z Y

Example

Find the volume of a solid under z = /22 + y2? bounded by 1 < 2% 4 32 < 4.
= / Vaz+y? dA
D

27 2
= / / r? dr do
0 1

And the computation becomes trivial.

Example

Find the volume of the solid under z = 1 + 222 + 2y? bounded by z = 9 in the first
octant.

V= //9—(1—1—295 +2y%) dA

/2/ 8—27’ )r dr dé

And the computation becomes trivial.



Example

Evaluate:
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Example

Find the area inside » = 1 + cos @ outside r = 3 cos 6.

A:2//1dA
D
T 1+cos6
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And the computation becomes trivial.
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Example

Find the center of mass of y = 22,y = x + 2 given the mass density § = 22

M, [[f-xzdA
mass  [[ fdA
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And the computation becomes trivial.

Example

Find the moment of inertia of f(x,y) = x inside the square from (0,0) to (1,1).
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Extension to 3D
Find the mass of solid V' : a < x < b,l(x) <y < u(x),g(z,y) < z < h(z,y) if the
mass density is f(z,y, 2).

e VC B=la,b| x|c,d] x[e, f]

e divide [a, b], [c,d], [e, f] into n, m, I parts to form B;;;, and pick point (z;jk, Yijk, zijk) €

n m l

Z Z Z |Biji| = f(@ij, Yijr» Ziji)

i=1 j=1 k=1

Theorem: If f(x,y,z) is continuous in V, y = I(z),y = u(z) are continuous for
a <z <b, and g(z,y),h(x,y) are continuous for (z,y) € D, then there exists a
lim,, 1, 100 Which does not depend on the choice of points in B;;,. This limit is called
the triple integral of f(z,y,2) on V and:

///V flx,y,2) dV = /ab [/Z(:ao [f(x’y, 2) dz] dy] dz

I
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Mass:

Volume:



Example

Find the volume of the region bounded by y = 2%,z = 4?2 = 0,2 = v.
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Example

Find the volume of the solid bounded by 22 + 22 =4,y = -1,y + z = 4.

/ / / dy dz dx

N

:// / dr dy dz
—2J-1 —V4—22

Find the mass of the solid if the mass is given by [[[,, z dV and it is bounded by
y?+22=9,2 =0,y = 3x,z = 0 in the first octant.

Example

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvin@omgimanerd.tech
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