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Functions of Several Variables

A function of a single variable:

X
X
A(x) = 2°
A function of two variables:
y
X
A(z,y) = zy

Even for functions of many variables, they still have properties such as domain and
range.

1
f@,y) = —F——
#) = s
Domain:
-2 =y >0 22+ <1
Range:

[1,00)
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Example

Find the domain of the function:

Limits

Example

b vy 1
(zy)—(2,1) T2 + 242 3



Example

2 .2 2 L2V (/1 — 22 — 2+ 1
lim vty ~ lim (@ +y)(V1—2 —y? + 1)
(@y)=00) /1 —224+y2—1 (23)—(0,0) (\/1 — a2 —y? - (\/ l—a22—y2+1)
1—a2—9y2+1
= lim (@* +y°) \/ v+ 1)
(z,y)—(0,0) 1— 22— y +1
— 9

Definition

UMYz ) > (wo,p) = L

is defined as for every € > 0 there exists 6 > 0 such that |f(z,y) — L| < € if
dist((z,y), (2o, yo)) < d. Notice that if:

lim  f(z,y)=L and lim g(z,)=M
(x,y)%(xo,yo) (I,y)%(xo,yo)
Then:
im = —
(@y)=(zowe) g(x,y) M
Theorem
If:

lim f(z,y)on Cy # lim  f(z,y) on C}

(z,y) = (%o0,Yo) (z,y)=(20,Yo)

Then lim ;) (20,40) f (%, y) on C1 does not exist.

Example
lim —2 —— lim —= lim —=0
(@y)—(00) T2 +2y*  (@y)—=00 22 (@y)—(00) 2y
Inconclusive according to the theorem above. Take y = kx:
rkx , ko k

fm R _
(o)) T2+ 2K (e T H 2k 1+ 2k

The original limit does not exist.



Example

%y
im @ —
(.4)—(0,0) 22 + 2y?
Take y = ka:
. 2’kx 1 kx 0
20 22 + 2k222 a0 1+ 2k2
Take y = ka?:
i e?kx® i ka?
o0 72 4 2k2zd  am0 1+ 2Kk%x2
By the Squeeze Theorem:
2
lim 0< lim % s n Yy
(.9)—(0,0) (@y)—=(0,0) T2 + 2y* ~ (2)—(0,0)
We can conclude that lim, y)—(0,0) #gyg =0.
Partial Derivatives
f($+h7h0) — f(xvyo) _ af
}3_}1% h - 8_1'(1.’ yo)
Examples:
0
a—y(xgy3 — 2 fay) =23y + 2
0
g(ﬁy?’ —2* tay) =92 —22+y
0 _
5 (&) =y '
0
a—(xy) = 2¥In(x)
Yy
Extensions:
o0f Of
oxdx  Ox?
o of 0f
oy dy  Oy?
o0 of  0°f
dydx  Oyox
o of  0*f
or Oy  Ozxdy

4



Clairaut’s Theorem

If % and % are continuous in some neighborhood of (z,y,), then:
0? 0?
A \ToyYo) = 77— (Xo, Yo
(%ay( Yo) @ax( Yo)

or of

exist and are conti-
oz’ Oy

z = f(x,y) is called differentiable at x,,y, if and only if
nouous at (Zo, Yo).

Example
Check that u(z,t) = sin(x — at) is a solution of:
Pu 0%

o = o2

@(sin(x —at)) = 8_u cos(z — at)(—a)

ot? ot
= —sin(x — at)(—a)(—a)
= —a’sin(x — at)
0?u ou
29 Yo _ — 427 _
o3 (sin(z —at)) = a e cos(x — at)

= a*(—sin(z — at))

= —a’sin(x — at)
Both derivatives are equal.

Example

The temperature of a region is determined by:

) = — 0
1+ 2?2 + 92
A bug is located at (2,1), in which direction should it go to cool off.
oT =20
or 3
oT  —10
dy 3

The bug should move towards the north and east.
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Example
z=flzy) z=ua(t) y=y)

The function z can be defined in terms of ¢: z(t)

E = lim Z(t+ h) - Z(t)
dt — h=o h
i L@ R) Y+ R) — fla(t), y(8))
h—0 h
o @Byl ) — Fla(t+ b, y(0)(y(t+ b) = y(t))
" Ryt + ) — y(t)

h—0 h dt
i W) —y(t) _ dy
h—0 h dt
(et () ~ F0.0) _ of
h—0 (x(t+ h) —x(t)) oz

de_ 0z dw Of dy
dt 0z dt Oy dt

Example
ow ow
=W(T —=-2 — =4
W =W(T, F) oT OR
dT dR
— =01 —=0.5
dt dt
dw oW dT+8W dR_18
dt 0T dt OR dt
Example
Suppose you have a simple electric circuit:
V=IR R=400Q I=0.084 ﬁ = 0.039 ﬂ = —0.01V
dt S dt



- dl
What is E?

d/
I(V.R) = —

_ 91 v oI dR
9V At QR dt

1 —_
= —(—0.01) + —Vo.os

R R?
1 0.08
= —(—0.01) = —=(0.03
400< ) 400 (0.03)

Example

Suppose you have the surface

2yt Aoy + 22 —6=0

What is 427
Y

dy Y AB Y= 5 dy oy dy 9z dy
dz
—~—0
dy
d
dy
dy
@t
dy %—f
__Fy
=%

324 (2y) + 4z
x3y?(423) + 22

Example

vt +yPr—2=0



Find %:
X

dy

2y dyxzt + y?42® + 3y2Tx +4°=0
x

dy —y?4x3 — o3
dr 2y + 3y2x

Example
S:F(x,y,2) =0 (%o,Y0,2) €5
Crt) = (@(t), y(),2(t) CCS (20,yoi2) €S
oF OFdy OF dz
_OF OF OF,  ds dy iz,
Yoz’ Oy’ 0z dt’ dt’ dt
—
—VE () =0
—
VP (1)
Example

Check that every line normal to a sphere passes through its center.

Py -1=0

i=vE
= (2z,2y,2z)
x To + 127,
lnormal - Yy =Y + t2yo
2 = 2o+ 122
1
t=——
2



Directional Derivative

As an extension of the gradient definition:
— —
Daf =Vf-u=|Vf||i|cosh |u]=1

The maximum value of Dz is |V f|, which occurs when:

. VF
U= —

[V /]

The minimum value of Dy is —|V f|, which occurs when:

Example

z2=x"+y

d=(5-15-2)
4 3
D.(1,2) = V% il
4 3
=(2,4) (=, =
2.4) (5, 2)
=4

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvinQomgimanerd.tech
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