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Describing a line in R?

Consider a line [ such that a point Py € [,1 || @. To describe the line, for any point
Pel:
Fﬁj ‘|65§ F——7% =ta

where 7 is the vector from the origin to the point P and rg is the vector from the
origin to the point F.

r=ry+ta

(,y,2) = (20, Yo, 20) + t{a1, az, 23)
T =x9+taq
Y = Yo + laz

z = zy+ tag

T—To Y—Y _ 22— %0

aq a9 as

Example

Line 1 : Py(1,1,2), P1(2,3,5) €1

F=(1,1,2)+t2-1,3-1,5-2)

=(1,2,3)
r=1+t
y=1+2¢t
z=243t



Example

There is a bug B traveling on [;:

r =24t
h=<y =4+2t
z =1+t
Another bug b is traveling on [y:
r =1+t
lo=qy =4+t
z =4—t

Do their paths intersect at the same time?

r=24+t=1+1
y=4+2t=4+t
z=1+t=4-1

Since there is no solution, they do not intersect at the same time. Is there a point
of intersection between their paths at different times?

r=2+t =147
t=17—-1

y=44+2t=4+r7

442(r—1)=4+71

2421=4+T1
T=2
t=1

z=14+t=4—r71

1+1424-2
9—9

It is possible to solve for a 7 and t, so the two paths do cross.



Example

In R? we have the line y = 2z + 3, how do we convert this to R*? Two points on
this line are (0,3,0) and (1,5,0):

r =0+1t1-0)
l=Sy =3+t(5-3)
z =0+t0-0)

t
3+ 2t
0

Example
Does the point (1,2,-3) lie on the line:

r—1 y+2 =z-1
3 1 -1

With the point (1,2,-3):
0£4=4

As a counterexample, (1,-2,1) is a point that lies on the line.

Describing a plane in R?
Given a plane II: Py € I, ni LII:
Pell= (RPLli)=RP i=0
where P is any point on plane II. Plane II is described by:
ni(x — xo) + n2(y — yo) + n3(z — 20) =0

x4+ noy +nzz =20

Example

Suppose the plane II contains the points A(1,1,1), B(2,1,3), C(1,4,4).

— —

it = AB x AC = = (6,-3,3) = (2,1, —1)

O = =
w O
w N F

2@ —-1)+1(y—1)—1(z—1)=0
2r+y—2=2

3



Example

Given a plane II described by 2x 4y —2z = 5, given a plane II; parallel to II containing
the point Py(1,2,3).
n=(21-1)

Lh=2z-1)+1(y—2)—1(z—3)=0=2x+y—2z=1

Example

Given:

[lhy=2r—y+2x=5

Find the line of intersection between the planes. Suppose we pick z = 0:
r+y=4

20—y =5

Solving for this, we get the point Fy(3,1,0). If we pick z = 0, we get the point
P;(0,1,3). We can use these two points to get the line:

r =3+t0-3)
=<y =1+t1-1)
z =0+t(3-0)

3t

3
1
3t

What is the angle 6 between IIy, II;?7 We can compute the angle between the normal
vectors of the planes.

ngy - 1
Z(no, = —
cos Z(ng, ny) ol
(L1 (2,-1,2)
V3vV9
B 3
3v3
_ V3
3
3
9:605_1§



Example

Given two planes described by:

iz +2y+2=4

IIy:x+2z+2=4
Find the distance between the planes. We can pick two arbitrary points on either
plane and project the vector between them onto the normal vector. Let P, = (4,0,0)

and P, = (6,0,0).

—
dist(I1;,I1s) = compz P Py

—
PP
7]
(2,0,0) - (1,2,1)
1(1,2, 1)
2

V6

Alternatively, we can use a point on II; and find the equation of the line perpendicular
to that point. We can find the intersection between that line and the IIs.

r =4+t
Poel il :l=<y =0+2t
z =0+t

[T, U [ is the intersection between the perpendicular line and IIs.

rT+2y+2=6
(A44+t)+2(2t)+(t) =6
6t+4=6

1

t=—

3

Using this t, we can get the point (%, %, %) We can then use the distance formula

between this point and (4,0,0) to get the same result.



Example
Extending the previous problem, find II3 such that the distance between the planes
is 3. There exists a point (d,0,0) on such a plane that satisfies this condition.
—
dist(I1y, I13) = compz P, Py

—
,_ PPl

7]
(d—4,0,0) - (1,2,1)
(1,2, 1)

d—4

V6
d=4+3V6

Example

Find II such that (1,2,3) € II:

il cx—y=2
1l : 2z +2=4

These two lines can describe two vectors parallel to II. Therefore, their cross product
is a vector perpendicular to II, which is the normal of II.

()

— —

n= 1 X Ng = —1

0

=(-1,-1,2)

N = =y
— o &Y

O:-1(z—-1)—-1(y—2)+2(2—-3)=0

Example
Find II:
lell
[ =11, N1l
IIy:x—2=1

I : 2z +y+2=4



[MLllg:x+2y =1
We can find two points in II since they must satisfy the following equations:
r—z=1
2e+y+z2=4

We can use Py = (0,5, —1) and P, = (1,2,0). These two points can describe a vector

—
parallel to II. We can take the cross product between FyP; and II_LII3 to get the
normal of II.

Example

Find line [ given:
P(0,1,2) €l

Oz 4+y+2z=1
r =1+t
z =2t

The vector @ pointing in the direction of [; is perpendicular to both II and /. The
normal of IT is perpendicular to [. We can take @ x 7 to get a vector a; describing
the direction of [.

i 7k
=dixi=|1 -1 2|=(=3,1,2)
1 1 1
(v =0+3t
l=qy =1+t
z =242t

\



Example

Given the parallel lines:

r =1+t r =0+t
z =0+4t z =144t

Find the distance between the lines.
We can pick two arbitrary points on l;: P;(1,0,0) and P, (2,2,4), and one arbitrary

. —
point on ly: P3(0,1,1). The area of the parallelogram described by P, P3 and P P, is:
area = ’Plpg XP1P2|
—
= ’Plpg : dlSt‘

PP, x PP
dist(ly, ) — T8 X PP

Example

Find the shortest distance between the skew lines:

r =1+t r =0+s
z =0+4t z =1+s

If we take a vector aj in the direction of /; and a vector as in the direction of [,
we can take their cross product to get a vector describing the normal of a plane II
parallel to both lines such that [; € II.

-

i j ok
n=axa=|1 2 4 :<_6’370> H <_2’170>
1 21

8



The plane II can be described by:
2 -1)—1(y—0)+0(z—0)=0

20 —y =2
This reduces the problem to simply the distance between [, and II.
dist(ly,la) = compea,—1,0)(—1,1,1)

B (—1,1,1) - (2,-1,0)
|<27_170>|

-3
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If you have any questions, comments, or concerns, please contact me at
alvin@omgimanerd.tech



