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Proofs

A proof is a logical argument, inductive or deductive. Some proofs are completely
analytical. They are strictly the result of symbolic manipulation (just like a computer
program). A major effort in the 20th century mathematics was to make all proofs
into symbolic manipulations. This effort failed, but the tools developed are still
useful. This led to the theory of computing. In practice, proofs use natural language
in a special way though having in mind a gross underlying formal structure can be
very helpful.

Sentential Logic

A statement that evaluates to true or false.
e Shakespeare wrote x.
e 7 is an even prime number.
e Shakespeare wrote x and n is an even prime number.
e yc{x|2?<0}

e If x is a substring of y and y is a substring of x, then y = x .

Logical Forms

e Shakespeare wrote x.



e 7 is an even prime number.

Q

e Shakespeare wrote x and n is an even prime number.

PAQ

Functions that take variables are called predicates.

e Shakespeare wrote x.

P(x)
e 7 is an even prime number.
Q(n)
e Shakespeare wrote x and n is an even prime number.
P(z) A Q(n)

e If x is a substring of y and y is a substring of x, then y = x.

(S(ZL‘,y)/\S(y,ZE)) — Y=

Free and bound variables
y€{zr|2*<9}

Free variables are those that are currently in scope. The truth of the statement
depends on what you assign them. gy is a free variable in this example. Bound
variables are out of scope. They overshadow any value you assign to them. z is a
bound variable in this example.

o yc{r|a?<9}
y is a free variable in this example.

o {r|2?<9}
There are no free variables in this example.

e 12 <9
x is a free variable in this example.

o Vo (DOG(z) — JyDAY (y) N HAS(z,y))
There are no free variables in this example.



Predicate (quantificational) logic

e Everyone at RIT loves CS majors.
Let P be the predicate “person”, let A be the predicate “at”, let R be the
constant “RIT”, let C be the predicate “CS Major”, let L be the predicate
“loves”.

Va(P(x) AN Az, R) = Vy(Cly) = L(z,y)))

e Someone at RIT loves some CS major.
Using the same predicates and constants:

Fu(P(x) A Az, R) A Fy(Cly) = L(z,y)))

e There is a CS major that everyone at RIT loves.
Using the same predicates and constants:

Jz(C(z) — Vy(P(y) A Ay, R) A L(z,y)))

e Everybody loves somebody sometime.
Let L be the predicates “loves”, let P be the predicate “person”.

Va(P(x) — JyIt(L(z,y,t)))

Proof meta-strategy

Write the proof in predicate logic, leaving no free variables. Using predicate logic
as a roadmap, complete the proof by simplifying the predicate logic using formal
definitions.

Example

Theorem: If x is a substring of y and y is a substring of x, then y = x.
Predicate logic:

Va(Vy((x is a substring of y Ay is a substring of x) — = = y)))

Proof: Choose an arbitrary string . Choose an arbitrary string y. Assume that
x is a substring of y A y is a substring of x. Substitute the formal definitions for
substrings.

Ve (Vy((Fw, z(wxz = y) A Jw, z(wyz = x)) =z =1y))



Note that what is left matches the for B — S.
Jw, z(wrz = y) AVw, z(wyz = x)

By the definition of the substring relation, there exists strings wi, z; such that
wirz; = y and strings ws, 2o such that wyyze = x.

Example
V sets A,B,C(AN(BUC)C (AnB)UuC(C)

Substitute for formal definitions:

V sets A,B,C(AN({z |z e BVze(C}) C(ANB)UB)
VsetsA,B,C’({y|yEA/\yE{x|a:€Bv:v€C}}Q(AHB)UC)
VsetsA,B,C({y|yGA/\(yEB\/yEC’)}Q{x|(z€A/\x€B)\/x€C}>
V sets A, B,C

(Vz(ze{y|y€A/\(yEB\/y€C')}—>z€{x|(xEAAxGB)VxEC’}))

You can find all my notes at http://omgimanerd.tech/notes. If you have any
questions, comments, or concerns, please contact me at alvin@Qomgimanerd.tech
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